Tick Size Regulation,
Intermarket Competition and
Sub-Penny Trading

Sabrina Buti* Barbara Rindi! Yuanji Wen *

January 14, 2011

Abstract

The minimum price change, or tick size, is at the center of the current regulatory
debate as it affects competition for the provision of liquidity in limit order books.
We build a model of intermarket competition where a public limit order book (PLB)
compete with another LOB characterized by a smaller tick size. We show that a
reduction of the tick size is detrimental to the quality of illiquid stocks as it worsens
both spread and depth; it is instead beneficial to liquid stocks as it reduces inside
spread and increases market depth. We also show how competition between two LOB
ends up with liquidity concentrating on the smaller tick market. We then use this
framework to investigate the issue of sub-penny trading that is being discussed in the
SEC concept release on Equity Market Structure (2010). We show that the quality
of a PLB for illiquid low priced stocks dramatically worsens when broker-dealers can
use an internalization pool (IP) to price improve by a fraction of the tick size. Our
results suggest that the problem of sub-penny trading cannot be solved by an indefinite
reduction of the tick size as it probably needs a more radical solution that takes its
move from the proposed Trade-At Rule.

*Sabrina Buti, University of Toronto, Rotman School of Management
"Barbara Rindi, Bocconi University, Igier and Carefin
¥Yuanji Wen, Bocconi University



Tick Size Regulation,
Intermarket Competition and

Sub-Penny Trading

ABSTRACT

The minimum price change, or tick size, is at the center of the current regulatory debate as
it affects competition for the provision of liquidity in limit order books. We build a model
of intermarket competition where a public limit order book (PLB) compete with another
LOB characterized by a smaller tick size. We show that a reduction of the tick size is
detrimental to the quality of illiquid stocks as it worsens both spread and depth; it is instead
beneficial to liquid stocks as it reduces inside spread and increases market depth. We also
show how competition between two LOB ends up with liquidity concentrating on the smaller
tick market. We then use this framework to investigate the issue of sub-penny trading that
is being discussed in the SEC concept release on Equity Market Structure (2010). We show
that the quality of a PLB for illiquid low priced stocks dramatically worsens when broker-
dealers can use an internalization pool (IP) to price improve by a fraction of the tick size.
Our results suggest that the problem of sub-penny trading cannot be solved by an indefinite
reduction of the tick size as it probably needs a more radical solution that takes its move
from the proposed Trade-At Rule.



1 Introduction

The minimum price change, or minimum tick size, for securities traded in financial markets is
a timely issue in market design and has been at the center of the financial regulatory debate
over the last decade. When reducing the minimum tick size, regulators have to ponder the
trade-off between the benefits of the enhanced price competition for the provision of liquidity
(and the resulting smaller spread), and the reduced incentive to submit limit orders caused
by easier undercutting.

Nevertheless, over the last ten years stock exchanges around the World have persistently
reduced the minimum price variations into small magnitudes (Table 1). The most recent
change in the U.S. markets occurred between 2001 and 2004, when the minimum price
change was gradually reduced to one penny. More precisely, today’s quotations in National
Market System (NMS) stocks must be priced in an increment of $.01, unless the price of the
quotation is less than $1.00, in which case the minimum increment is $.0001.

[Insert Table 1 here]

In this paper we model intermarket competition between two limit order books to investi-
gate how the tick size should be regulated when trading platforms can compete with each
other by reducing the tick size, and when some market participants can take advantage of
internalization pools to undercut aggressively (by fractions of a penny) orders posted on top
of visible limit order books.

As a vast body of empirical literature! has shown, when the minimum tick size is reduced,
spread decreases, but depth at the top of the book deteriorates; for this reason to protect
displayed limit orders from the practice of stepping ahead by trivial amounts, the Sub-
Penny Rule (adopted Rule 612 under Regulation NMS) was introduced that prohibits market
participants from displaying, ranking, or accepting quotations in NMS stocks that are priced
at increments less than the minimum price variation.

During the last five years, however, two new elements - the development of dark markets and
of fast trading facilities - have emerged that have deeply affected intermarket competition and
have made Rule 612 ineffective to protect displayed limit orders. In particular, two features
of the rule must be considered. First, the Security and Exchange Commission (SEC) Rule
612 prohibits market participant from quoting prices in sub-penny, but in the believe that
sub-penny trading would not be as detrimental as sub-penny quoting, it expressly allows
broker-dealers to "provide price improvement to a customer order that resulted in a sub-
penny execution". Second, Rule 612 prohibition of sub-penny quoting does not apply to
dark markets. This means that broker-dealers who can make use of dark pools to submit

!See Ahn et al. (1996 and 2007), Bacidore (1997), Bourghelle and Declerck (2004), Cai et al. (2008),
Griffiths et al. (1998), Lau and McInish (1995), Porter and Weaver (1997) and Ronen and Weaver (2001).



their orders, have an advantage that permits them to jump the queue by a fraction of a
penny and so preempt the National Best Bid Offer (NBBO); in addition, by drawing on fast
algorithmic programmes to persistently replicate trading strategies, they can profit from the
considerable amount of volume that they can create by buying price priority at negligible
cost.?

The sub-penny practice should be more profitable for stocks that are either illiquid or low
priced as broker-dealers can take advantage of gaining a wider relative spread when taking
position at sub-penny on both sides of the market. This is confirmed by Delassus and Tyc
(2010) who show that the practice of queue jumping is negatively related to the stock’s price,
resulting in 6% to 10% of total volume for NASDAQ stocks between $1 and $5.% Consistently,
BATS (2009) shows that up to $20 the effective spread is held artificially wide and for lower
priced stocks the use of dark markets is negatively related with stock prices.

It should be remarked, however, that the practice of queue jumping must not be confused
with executions at the spread midpoint that take place in those dark pools designed to
reduce the price impact of block trading (Buti, Rindi and Werner, 2010). Figure 1 shows in
fact that over the last 10 years the proportion of queue jumping has dramatically increased
compared to mid-quote trading.

[Insert Figure 1 here]

The negative consequence of sub-penny trading is that investors are discouraged from pro-
viding liquidity to the top of the book; hence, within the regulatory debate on the possible
solutions to the sub-penny issue, the SEC has recently proposed the Trade-At rule* that
would practically ban sub-penny trading by prohibiting "any trading center from executing
a trade at the price of the NBBO unless the trading center was displaying that price at
the time it received the incoming contra-side order." Quite the opposite is instead the pro-
posed solution to level the playing field by reducing the minimum price increment of publicly
displayed market centers to sub-pennies (BATS, 2009).

We build a model of intermarket competition to investigate the interaction of the minimum
tick size rule with the decision of broker-dealers to sub-penny the liquidity provision on the
top of the limit order book. Indeed the decision of a broker-dealer on whether to trade
against a customer order (i.e. to internalize the order) by undercutting passive limit orders
depends on the size of the minimum price variation. On the one hand the finer the price grid,
the greater their profits from sub-penny trading as by offering a tiny price improvement they
can seize considerable volume from the top of the public limit order book; on the other hand,
supporters of tick size reduction argue that a smaller tick size can foster competition for the

2 Jarnecic and Snape (2010) suggest that high frequency trading is negatively related to the tick size.

3Delassus and Tyc complete sample comprises 1800 NASDAQ stocks; their sample period includes 5
consecutive trading days.

4SEC concept release on Equity Market Structure No. 34-61358.



provision of liquidity and alleviate the negative effect of sub-penny trading. In addition
one should also consider that a smaller tick size can negatively affect market depth. So the
critical regulatory issue is to adjust the minimum tick size by taking into consideration the
competitive environment that today’s fragmented markets offer to financial operators.
Starting with a one-market model (Section 3 and 4), we show that the effect of a tick size
reduction depends on both the liquidity of the stock and the asset value. For very illiquid
stocks a reduction of the tick size discourages liquidity provision and worsens market quality,
the opposite being true for liquid stocks, even though for very liquid stocks we find that inside
depth decreases. These effects become stronger for lower priced securities.

We then extend the framework to a dual-market model (Section 5) and we find that, due
to intermarket competition, liquidity concentrates on the small-tick limit order book. These
results explain both the existing empirical evidence on the effects of a tick size reduction,
and the current trend that sees exchanges competing to reduce the minimum tick size.
Finally, we investigate the sub-penny trading issue (Section 6) by embedding a group of
broker-dealers who can choose between trading in a lit market or in an internalization pool
where they can execute their customers’ orders. Our model shows that for illiquid and low
priced stocks the availability of internalization pools is detrimental as it worsens market
quality; for liquid stocks it enhances price competition so that spread narrows but liquidity
provision and trading volume substantially decline. These results allow us to discuss both
the sub-penny rule and the recently proposed Trade-At Rule. We suggest that by setting
the minimum price improvement, regulators should consider both the asset value and the
bid-ask spread. This would reduce the incentive for broker-dealers to implement sub-penny
trading in illiquid and low priced stocks and therefore prevent the effective bid-ask spread
from being held unnaturally wide. Having adjusted the minimum tick size, regulators should
consider a carefully designed Trade-At rule that banned sub-penny trading without unfairly
impacting on dark venues (BATS, 2009) and commonly used hidden mid-point orders (Buti
and Rindi, 2009). One possible waiver that could be introduced is to allow sub-penny trading
and quoting to take place in dark markets at the prevailing inside spread midquote.

Our model is related to three strands of the existing theoretical literature (Section 2), respec-
tively on intermarket competition®, the optimal tick size® and broker-dealers’ internalization
of order flows (Battalio and Holden, 2001), and to the best of our knowledge it is the first one
that allows researchers to investigate the minimum tick size rule within the context of inter-
market competition. It also departs from existing theoretical works as it embeds sub-penny
trading through an internalization pool.

5See, for example, Chowdhry and Nanda (1991) and Parlour and Seppi (2003).
6See Anshuman and Kalay (1998), Cordella and Foucault (1999), Foucault et al. (2005), Goettler et al.
(2005), Kadan (2004) and Seppi (1997).



2 Literature Review

Financial literature extensively covers the relationship between the reduction of the tick size
and market quality. Empirical findings from different markets concur that after reducing
the tick size, spread and depth decline and that the spread is not equally affected across
stocks.” These findings are also consistent with a recent pilot programme implemented
by the major European platforms aimed at investigating the effect of a reduction of the
tick size.®> Theoretically Seppi (1997) points out that as the tick size decreases, cumulative
depth is minimized. Goettler, Parlour and Rajan (2005) show that by reducing the tick size
regulators do not achieve a Pareto improvement but rather an increase of total investors’
surplus. Kadan (2004) demonstrates that the effects of a tick size reduction on dealers and
investors’ welfare depends on the number of dealers active in the market, being detrimental
to dealers and beneficial to investors when the number of dealers is large.

As our paper also investigates how different markets compete for the provision of liquidity
by reducing the tick size, it is also related to the literature on intermarket competition that
documents an improvement in market efficiency brought about by competition.” Chowdhry
and Nanda (1991) extend Kyle (1985) model to accommodate multi-market trading and show
that markets with the lowest transaction costs attract liquidity. Closer to our framework
Degryse et al. (2009) analyze the interaction between a dealer market and a crossing network
and show that overall welfare is not necessarily enhanced by the introduction of a crossing
network. Our framework substantially differs from this as we model competition between
first two LOB and then a LOB and an Internalization Pool. Our model also departs from
Buti, Rindi and Werner (2010) who model competition between a LOB and an Dark Pool,
as it focuses on Internalization Pools.

Finally our model is related to the literature on broker-dealers internalization.! Battalio
and Holden (2001) extends the Glosten and Milgrom (1985) protocol to consider the practice
of payment for order flows and internalization. They show that brokers make profits by
exploiting their direct relationships with customers. This is consistent with the related
empirical works (Chung et al. (2004a and 2004b), Hansch et al. (1999), He et al. (2006),
Hendershott and Jones (2005) and Porter and Weaver (1997)).

"See footnote 1.

8In December 2008, BATS Europe, in conjuction with Chi-X, Nasdag OMX Europe and Turquoise,
developed a proposal to standardize the tick size of the pan European trading platforms. Starting June 1,
2009, Chi-X, followed by Turquoise, BATS Europe and finally the LSE and Nasdaq OMX Europe reduced
the tick size for a number of stocks. This pilot programme, aimed at studying the effect of a change in the
tick size based on actual market data, showed that following the reduction of the tick size, effective spread,
inside spread, inside depth and average trade size decreased (BATS, 2010).

9See, for example, Barclay et al. (2003), Bessembinder and Kaufman (1997), Fink et al. (2006) and
Goldstein et al. (2008).

0Tnternalization is either the direction of order flows by a broker-dealer to an affiliated specialist, or the
execution of order flows by that broker-dealer acting as a market maker.



3 Single Market Model

3.1 The Market

A market for a security is run over a trading day divided into 7" periods: t = 1,...,T. At each
period ¢ a trader arrives and can submit orders of unitary size. Following Parlour (1998),
traders are rational and have the following linear preferences:

U(Cy, Cy; B) = C1 + BCy

where (' is the cash inflow from selling or buying the security on day 1, while Cs is the cash
inflow from the asset payment on day 2 and is equal to +v (—v) in case of a buy (sell) order.
Notice that traders are risk neutral and have a personal trade-off between consumption in
the two days that is equal to (3, a patience indicator drawn from the uniform distribution
U(B,B) with 0 < 8 < 1 < B. A patient trader has a 3 next to 1 while an eager one has
extreme values of 5. This is a modelling device which captures the trade-off that traders’
face between waiting costs and execution costs.

Upon arrival at the market in period ¢, the trader observes the state of the book that is
characterized by the number of shares available at each level of the price grid. The latter
assembles two prices on the ask (A;, A2) and two on the bid side of the market (B, Bs),
symmetrically distributed around the asset value v. The difference between two adjacent
prices, which we name 7, is equal to the minimum price increment and also corresponds to
the minimum inside spread. Thus the available prices are equal to Ay = v + 377, A =v+3,
B = v—7 and By = v— 3, and the state of the book is defined as S; = | A2 oM QB QP2
As in Seppi (1997) and Parlour (1998), we assume that a trading crowd provides liquidity
at the highest levels of the limit order book and prevents traders from bidding or asking
prices that are too far away from the top of the book. Besides, traders are allowed to submit
limit orders queuing in front of the trading crowd. In this parsimonious way, we can extend
Parlour (1998) model to include two price levels where traders can submit orders, and, at
the same time, keep the strategy space as small as possible. In addition we can investigate
the effects of the tick size reduction on depth at different levels of the book.

Each trader can submit a unitary order that cannot be modified or cancelled thereafter;
his strategy at time t is defined by H;. The market permits two types of orders: limit
orders (LO) represented by +1 and market orders (MO) represented by —1. Traders can
hence submit limit orders to buy (sell) one share at different levels of the bid (ask) prices,
or market orders which hit the bid (ask) prices and are executed immediately, or they can
decide not to trade (no grade). More precisely, a trader’s strategy space is H = {+1°,0},
where ¢ = As, Ay, By and By. The change in the LOB induced by the trader’s strategy H, is



indicated by h; and defined as:

[+£1,0,0,0] if H, = £142
[0,41,0,0] if H, = £11
he = [h2, B P P2l = { [0,0,41,0] if H, = £15 V¢ =1.T (1)
[0,0,0,£1] if H, = £152
[0,0,0,0] if H, =0

The state of the book is hence characterized by the following dynamics:
St = St,1 + ht, Vt == 1T (2)

The expected state of the book at time ¢ is given by:

E[Sﬂtfl] - St,1 + E[ht], Vt - 1T (3)

where E[h;] = f Ht(6>dﬁ for i = AQ, A17 Bl; BQ.
Be{B:H,(B)=+1"}

3.2 Order Submission Decision

To optimize his order submission strategy, a trader needs to choose an order type and a price.
Hence traders have to maximize their utility, which in this risk neutral setting is equivalent
to maximize their payoff, considering all the strategies available to them. Market orders
guarantee immediate execution but higher price opportunity cost, while limit orders enable
traders to get better prices at the cost of uncertain execution. Hence in this market traders
face the standard trade-off between execution cost and price opportunity cost. The payoffs
of the different strategies available to traders are listed in Table 2. Market equilibrium
strategies are derived in the following Section.

[Insert Table 2 here]

In Table 2 we denote by A and B with no subscript the best available quotes, so that
for example a market buy order executed at the best available price is indicated by —14.
Notice that p;(An*™|S,) (or p; (B "% |S,)) with k = 1,2 is the equilibrium execution
probability, conditional on the state of the limit order book, for a limit sell (or buy) order
queuing at the Ny (M}) position at the price level Ay (By), where N_j = Zd<k Ny (M_y, =

Zd<k M) is the number of shares standing at lower price levels.!! The execution probability
depends both on the price level at which the order is posted and the depth available on the

'Notation with a star as superscript indicates for equilibrium values.
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limit order book. An order posted at A, and queueing at the N, — th position, is executed
against the (N_; + Nj) — th market order only when (N_; + N, — 1) market orders have
already hit all the N_;, shares available at lower prices, and the N, — 1 shares available at Ay
with time priority. If N_; 4+ Ny is larger than the number of remaining periods, additional
limit orders at that price level will never be executed and pt(AkN”“’N’“ |S;) = 0. Notice that
the execution probability also depends on the state of the other side of the LOB: a deep
LOB on the bid side increases the incentive for a seller to post limit orders as he knows
that incoming buyers will be more inclined to post market orders (due to the long queue
on the bid side). To facilitate the proof, when the best ask is Ay we indicate the execution
probability of a limit order queuing at Ay by p,(Ay* |S;) instead of using p,(Ay™*|S;) and
the execution probability of the order standing fist by p,(Ay |S; ) instead of using p; (A" |S;).

3.3 Market Equilibrium

Traders first use information from the state of the limit order book to rationally compute
different orders’ execution probabilities, and then compare the expected payoffs from each
order type to choose the optimal strategy consistent with their own (.!2 The model allows
us to compute cutoff values for 5 from which we derive the probabilities of the equilibrium
trading strategies. In this multi-period game, subgame perfect equilibrium is found by
backward induction. At time T', the execution probability for limit orders is zero, hence
traders will only submit market orders or decide not to trade. Hence, it can be easily shown
that traders’ equilibrium strategies are:

—18 ifpe[B,2)
Hy(B,57-1) =4 0 ifpge[Z2)
—14 if B €[4, 5]

where the best ask and bid prices are equal to A = A, 5 (B = B ) depending on the state of
the LOB. By using these equilibrium strategies together with the distribution of 3, we can
calculate the equilibrium execution probabilities at the best quotes for limit orders submitted
at T'— 1:

« _ B Bv— A
pr_1(AlSr-1) = / 1df = —(B — é)v (4)
BE{B:HA|Sp_1 =—14}
i} B B B — Bv
paBls) = [ e- T )

Be{B:H%|Sr—1=—15}

2Notice that, differently from Parlour(1998), we do not assume that traders are ex ante buyers or sellers
but rather endogenously solve for the trader’s decision to buy or to sell the asset.



These execution probabilities are the dynamic link between period 7" and T'— 1. Notice that
a trader arriving at 7' — 1 can choose between a market and a limit order, and his choice is
driven by his 3 value. The following Lemma holds:!?

Lemma 1 If at timet # T at least one limit order strateqy has positive execution probability,
then there will always exist a 5 value for which a limit order is optimally selected by the
imcoming trader.

As an example, if we solve the trader’s maximization problem at T'— 1 after substituting the

equilibrium execution probabilities at T" given by (4) and (5) for the case p*T_l(A,iV’k’N’“ |S7_1) #
M_, M,

0 and p}_, (B, |St_1) # 0, we obtain the following optimal strategies:
—1f if € [B,B817r1)
+1% it B € [Bypy, Bs 1)
Hj ,Sr_9) = . AT 6
7-1(8, 51-2) +15 if § € [ﬁ3,T—1>§5,T—1) (6)
[

—14 if g e Bsr—1,0]

B Pr_1(AklST—1)  A,—B Pr_1(Ak|ST—1)+P7_(Bk|ST-1)Br 1

where Syry = U - T ge) w0 Pare1 T s ot Bas—) v and

By = 4+ S 4B Notice that gy, (A) ™ [S71) # 0 only when N, =0

and N, = 1: a limit order posted at T — 1 has a positive execution probability only if it
undercuts all the orders resident on the LOB and gains execution priority, as only one
trader can still arrive at the market at 7. Moreover, the larger is the limit order execution
probability, p¥_; (Ax [S7—1), the smaller is the threshold between market sell orders and limit
sell orders, 3, and the more likely it is for traders to submit limit rather than market orders.
More generally, if execution probabilities at time ¢ are such that waiting costs are lower than
execution costs, traders will submit limit orders. If instead execution probabilities are low,
they will choose market orders. Notice also that the optimal price at which a trader will
submit a limit order is the result of a trade-off between price risk and execution risk: a
more competitive price implies a higher execution probability due to both the lower risk of
being undercut by incoming traders and the greater attractiveness of the order for traders
on the opposite side. However this is obtained at the cost of lower revenues once the order
is executed. This trade-off crucially depends on the relative tick size 7, as shown in the
following Lemma:

Lemma 2 At each time t # T traders’ aggressiveness in the provision of liquidity is posi-
tively related to the value of .

From the equilibrium strategies at T' — 1, we can derive the execution probabilities for limit
orders submitted at 7' — 2 and therefore we can compute the corresponding equilibrium

13 All the proofs are presented in the Appendix.

10



strategies. We can then derive the execution probabilities of limit orders submitted in pre-
vious periods, compare the payoffs of different strategies, and finally compute equilibrium
strategies back to period ¢ = 1. Traders’ equilibrium strategies shape the equilibrium books
S1.7. The equilibrium is defined as follows:

Definition 1 Given an initial book Sy, a dynamic equilibrium is a set of order submission
decisions {H}} and states of the limit order book {S;}, for t € [1,T], such that at each
period the trader maximizes his payoff U(-) (Table 2) according to his Bayesian belief over
the execution probabilities p*(-), i.e.

{H; := argmax U(-[Si-1,p{_4)} V1, 7]
{St = St—l + h:} Vt[l,T
where h; is defined by (1)

4 Tick Size Reduction and Market Quality

To investigate the effects of a change in the tick size on traders’ strategies and, as a result, on
market quality, we start from the single market framework and then, in the next Section, we
add intermarket competition by allowing agents to trade in a parallel LOB with a different
tick size. This allows us to discuss in Section 6 how the tick size changes undertaken both in
the US and in Europe during the last decade have interacted with the development of fast
and dark trading facilities. We can finally compare the different recent proposals on equity
market structure put forward both in US and in Europe by the SEC and the Committee of
European Securities Regulators (CESR).

We start with the market characterized by a large tick size (LM) that we already presented
in Section 3 and then we compare the resulting equilibrium trading strategies with those

1

obtained when, all else equal, the tick size is reduced from 7 to ;7. Both price grids are

shown in Table 3: on the LM market the price grid is still PLM = {A,, A, By, By}, while
on the small tick market (SM) it has 5 levels on both the ask and the bid side, a; and by,
where [ = 1,..,5. Notice that for the SM the dynamics and expected state of the book
are still characterized by equations (2) and (3) respectively, the main difference being that
both S and hy™ now consist of ten components instead of four. Notice also that the
trader’s strategy space is much richer thanks to the finer price grid, H™ = {£17,0} with

j = {a’1:5ybl:5}-
[Insert Table 3 here]

To compare the two markets, we build standard indicators of market quality using traders’
equilibrium strategies. Depth is measured by the number of shares available on the LOB

11



at different price levels. More precisely, for the LM we define average depth at price i as
DpAM — E[Q1], where i = {A}.2, B1.2}, and average depth at the best quotes, i.e. the inside
depth, as DPIFM = E[Q# + QP]; total depth is measured by the sum of average depth at
all price levels, DPT/M = S E[Q!]. Average spread is the expected difference between the

(2
best ask and bid prices, SPfM = E[A — B]. Volume is measured by the number of orders
executed, while liquidity provision is obtained by considering the number of limit orders
submitted. As at each period only one trader arrives at the market who submits only one
order of unitary size, expected volume, V' L;, and liquidity provision, LFP;, are computed as
the probability that this trader will submit a market order or a limit order at all price levels:

VLM = B[ [ 1dp]
i Be{B:H|St_1 =—1i}

LPM = B[y i 1dp]
v Be{B:H¢|St—1 =+1%}

Indicators of market quality for the SM are computed in a similar way, but using j =
{a1.5,01.5}. To illustrate the effects of a tick size reduction on different groups of stocks
(liquid versus illiquid), we use the initial state of the book as a proxy for liquidity and
consider there cases: an empty book for illiquid stocks, a book with either one or two units on
the first (second) level of the LM (SM) price grid for liquid stocks. The following Proposition
summarizes the effects of a tick size change on both traders’ strategies and market quality:

Proposition 1 When the tick size is reduced, changes induced on traders’ order submission
strategies and market quality depend on the initial state of the book.

e For liquid stocks

— liquidity provision increases and spread and depth improve;
— trading volume decreases;

— for very liquid stocks the effects are the same except for inside depth that worsens.
e For illiquid stocks

— the results are the opposite: liquidity provision decreases and spread, depth and
wside depth deteriorate.

o All the above effects become stronger for low priced stocks.

[Insert Tables 4,5 and 6 here]
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Tables 4 and 5 report results at 7' — 2 for orders submission strategies and market quality
for both the large and the small tick size regimes under two different opening states of the
limit order book: with 1 share on A;(a2) and B;(by) (Sr—3 = [01|10] = [00010/01000]), and
with 2 shares (Sr_3 = [02|20] = [00020]02000]). By considering books that differ for market
depth, we can offer insights on how the effects of a tick size change on market quality can be
influenced by liquidity. Consider first the regime under which the book opens at 7' — 2 with
only 1 share on both A;(as) and B;(by) and notice that when the tick size is smaller (the
price grid is finer), undercutting is cheaper and competition for the provision of liquidity
becomes more intense so that in equilibrium traders switch from market to limit orders that
they post to the new best price levels (a; and by). The result is that depth increases -both
total and at the inside spread-, spread narrows and trading volume decreases (e.g. for v =1,
from .8994 to .7666). Notice that these effects become stronger as the stock price decreases:
for example when v is equal to 1 following a reduction in the tick size, spread decreases by
.02, whereas it only narrows by .0004 when v is equal to 50. Clearly, when the value of the
tick size becomes relatively small compared to the stock price, the benefit of having a finer
price grid decreases, and the probability that traders switch from market to limit orders
posted at a; and b; becomes smaller.

Consider then the regime where the book opens full at A;(ay) and B;(be) (Table 5) and
notice that, compared to the previous case, the tick size reduction produces effects that are
more intense and of the same direction except for depth at the inside spread, that decreases
rather than increases. When at 7' — 2 the book opens full at A;(as) and Bj(b2), in the
large tick size protocol there is no room for limit orders and traders are forced either to use
market orders or to refrain from trading; hence when the tick size is reduced, traders move
even more aggressively than before to the top of the book (the probability of observing a
limit order at a;(b;) increases to .1167) and hence aggregate depth increases; however, depth
at the top of the book decreases due to the fact that before the reduction of the tick size the
liquidity pressure at the best bid and offer was very intense.

We can therefore conclude that the reduction of the tick size improves liquidity as it narrows
the inside spread and increases total depth, but its effect on inside depth depends on the
state of the book. If we believe that the regime with a deeper book is a good proxy for very
liquid stocks, we can then suggest that for these stocks a tick size reduction can actually
decrease depth at the inside spread. For illiquid stocks, however, that we proxy by the empty
book, the effect of a tick size reduction is to worsen the inside spread as well. Indeed Table 6
shows that when the book opens empty, the inside spread widens and depth decreases. The
reason being that traders do not have enough incentive to undercut aggressively by posting
limit orders on the new top of the book: the higher execution probability they would obtain
is in fact not large enough to compensate the lower execution price. Notice that, even in this
case, when the stock price increases, the reduction of the tick size tends to produce effects
that gradually drop off.

The results obtained so far are consistent with most of the existing empirical evidence on
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tick size reduction'* showing that when the tick size is reduced, inside spread decreases but
depth not necessarily improves. The results are also consistent with Bourghelle and Declerck
(2004) who investigate the effects of a reduction of the tick size and show that, as one moves
to less liquid stocks, the percentage spread increases and the quoted depth decreases.

The results from Proposition 1 also show that the effect of the tick size reduction is stronger
the lower priced securities are. Indeed, a relevant issue put forward by the most recent regu-
latory debate concerns the relation between tick size and stock price. It has been suggested
that the tick size value established uniformly for all NMS stocks is not adequate for low
priced stocks. More precisely, it is being observed that the current tick size is relatively too
large for securities priced below $20 (BATS, 2009). Delassus and Tyc (2010) also suggest
that for stocks between $1 and $5 the relatively high value of the minimum price change is
playing a role in keeping the relative spread artificially wide. Our model captures this effect
and explains how a wider tick size increases the bid-ask spread and, even more importantly,
how this effect gets stronger as the price of the security decreases. Both Table 4 and Table
5 report equilibrium order submission probabilities and indicators of market quality for dif-
ferent stock prices and show that all the effects of a tick size reduction tend to lessen as the
ratio between the tick size and the stock price decreases. In particular the positive effect
that a reduction of the tick size produces on the inside spread steadily decreases with the
increase in the stock price. Hence we can suggest that when the stock price is too small
relative to the tick size, the inside spread is kept unnaturally wide so that, by curtailing
the tick size, regulators can effectively reduce the spread. When instead the tick size is
small relative to the stock price, a reduction of the tick size have marginal positive effects
on market quality. This result bears important policy implications in that it suggests that
what regulators should seek is not an unlimited reduction in the tick size, but rather an
optimal ratio between the security price and the minimum price variation. We have shown
that by increasing this ratio, the effect of a reduction of the tick size produces a smaller and
smaller effect on the inside spread, and that for the most liquid stocks it can also reduce
inside depth. We can then conjecture that the optimal tick to price ratio should be achieved
by reducing the tick size down to the point where a further reduction does not produce any
additional effect on the inside spread.

5 Dual-Market Model: Intermarket Competition

In this Section we extend the previous framework where we compare two markets with
different tick size, by allowing these same markets to compete with each other: traders
arriving at each period ¢ can now choose not only their order type and aggressiveness, but

14See Ahn et al. (1996), Bacidore (1997), Harris(1994), and Porter and Weaver (1997).
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also the trading venue where to submit their orders. Thus the strategy space expands into
H = {HM HM} where H*™M = {41% 0} with i = {A., Bi.o}, and H5M = {417 0} with
Jj ={a1s,b1.5}. We also assume that if the two trading venues offer the same payoff, a trader
will randomize his order submission and post his order to one of the two markets with equal
probability. We indicate the number of shares available at each price level by Ni.o (n1.5)
and M. (mq.5) respectively for the ask and the bid side of the LM (SM). The dual-market
model is solved by backward induction as the single market model, the following Lemma
characterizes the equilibrium:

Lemma 3 When the two markets open with the same depth at the common price levels, they
have the same expected book dynamics at those same price levels.

Intuitively, assume that one book is thinner than the other one at the common price levels.
This implies that incoming traders have an incentive to submit limit orders at those price
levels on the thinner book because of the higher execution probability. As a result, liquidity
builds up in the thinner book up to the point in which limit order execution probabilities are
equal in the two trading venues. So in equilibrium the two books should always have equal
depth at the common price levels. Notice that, compared to the equilibrium strategies in
the single market model, here traders need to consider the potential competition in liquidity
provision coming from the other market. Hence they will take advantage of the finer price
grid in the SM to undercut aggressively the quotes available on the LM, submitting orders
at the price levels just below the common ones. For example a seller will submit orders on
a4, to avoid the competition from the trading crowd standing on the other market at As or,
if more impatient, on a; as no undercutting by incoming traders is possible at that price
level. This aggressive liquidity supply is observed especially when competition is fierce, i.e.
for liquid and/or low priced stocks. The following Proposition summarizes the main findings
in the dual-market model.

Proposition 2 When two trading venues with different tick size compete, no matter how
liquid the markets and how priced the securities are, liquidity provision concentrates on the
small tick size market as traders undercut orders standing on the large tick market.

Competition for liquidity provision between markets with different tick size induces traders to
submit limit orders exclusively to the small tick size market with the result that in the large
tick market depth and inside spread deteriorate. Why do traders move to the new trading
platform? Because when the tick size is smaller they have a better chance to fine tune the
trade-off between execution risk and price risk, and more aggressive liquidity suppliers can
submit their orders to the new inside quotes. Notice that, as in the single market case, this
effect lessens significantly when the asset value increases from v = 1 to v = 10, and that it
is stronger for more liquid stocks, i.e. when the book opens with 1 or more units posted at
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A; (az) and Bj (by).'® The intuition here is the same as before: when the tick to price ratio
decreases, any incentive from a tick size reduction becomes smaller and traders’ advantage to
undercut existing quotes decreases. However, by comparing the single market protocol with
the dual market one, it can be noticed that market interaction fosters competition for the
provision of liquidity so that the probability to observe orders posted to the top of the book
is higher in the case with intermarket competition. And this effects -once again- becomes
stronger for liquid securities. In fact, even if limit orders move to the SM, depth on the
LM still attract liquidity demanders so that the execution probability of limit orders posted
at the same price level on the SM is smaller than in the single market case. Clearly this
is due to the assumption that traders randomize their market orders when expected profits
from the two markets are the same, and it explains -for example- why in the dual market
model traders post their orders to a4 rather than as as at as the trading crowd is active on
both markets an hence the execution probability of limit orders posted to this price level
is halved compared to the single market case. Noticeably our three-period model does not
capture the whole real dynamic interaction between the two markets, as presumably the LM
would shut down as soon as the trading crowd were moved to the SM; however, our model
markedly shows how the adjustment process starts and in which direction the equilibrium
would converge had we assumed an "endogenous" rather than exogenous trading crowd.
These results are consistent with the empirical findings by Oppenheimer et al. (2003) who
analyze the impact of US decimalization on the Canadian stocks and find that spread and
inside depth decline by a greater amount in the US than in Canada. Similarly, Lin et al.
(2009) look at the effect of US decimalization on stocks cross-listed on Euronext and NYSE
and find that the NYSE proportion of trading of French firms declines markedly in the post-
decimalization period. Our results are also useful to investigate the effects of competition
between MTFs/ECNs and regulated markets. Consistently with Proposition 2, Bias et al.
(2003) find that limit orders posted by traders to Island ECN undercut NASDAQ quotes.
Similarly Hengelbrock and Theissen (2009) find that competition fostered by the entry of
Turquoise led to a decrease in the inside spread.

6 Sub-Penny Trading and Internalization Pool

In this Section, we extend the dual-market model to investigate sub-penny trading. This
practice is carried out by those broker-dealers who can access internalization pools (IP) to
compete on price with the liquidity posted to the top of the book by limit order traders.
IP are a special type of dark pools, that were initially designed to internalize order flows
for cost-saving purposes (Degryse et al. 2009). Rosenblatt breakdown (Table 8) shows that

5Notice that having 1 or more shares on A; (az) and By (by) is indifferent as, when traders can choose
between two trading venues, depth at each price level is the result of the sum of the shares posted in the
two markets - traders in fact can submit their market orders to both and obtain the same execution price.
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volume made on IP has steadily increased over the last three years and that, for example, in
August 2010 it attracted 8.55% of the consolidated US equity volume -the rest being drawn
by public crossing networks, exchange and consortium based pools- scoring an increase of
25% over the previous year. One of the main features that characterizes IP is that they are
controlled by broker-dealers and hence contain proprietary order flows. In practice broker
dealers can use IP to internalize orders and execute them at sub-penny quotes. How is this
possible? Rule 612 does not allow market participants to quote prices in sub-penny on lit
markets, but it indeed allows broker-dealers to execute customers’ orders at quotes that price
improve even by only a fraction of the tick size (which in US markets is equal to 1 penny
for stocks priced above $1). This is precisely what broker-dealers can achieve by posting
sub-penny quotes in their internalization pools. Assume, for example, that the best bid and
ask prices on a public limit order book are equal to $50.62 and $50.70 respectively; then a
broker-dealer can post a limit order to sell at $50.6999 and a limit order to buy at $50.6201
so that when an investor sends a market buy order for -say- 500 shares he/she sells short
$25349.95, and when another investor sends a market sell order for a further 500 shares, he
can cover his short position by buying in front of the displayed bid for $25310.05. With this
round trip transaction the broker-dealer captures the bid-ask spread and earns a profit of
$39.90, whereas the two investors save $0.1 as their orders are executed at a $1/100 better
than the prices quoted on the lit market. Who bears the cost of allowing dealers to use
internalization pools to step in front of the NBBO? Liquidity suppliers who were offering
displayed liquidity at the best bid offer suffer a reduction in the execution probability of
their orders. This can lead to a reduced incentive to supply liquidity and in turn to a lower
depth.

[Insert Table 8 here]

Given that the volume intermediated at sub-penny is steadily increasing (Figure 1), and that
the estimated percentage of share volume in NMS Stocks intermediated by broker-dealers
accounted up to 17.5% in September 2009 (SEC, 2010) regulators are worried about the
ultimate effects of sub-penny trading on market quality. Does this practice foster competi-
tion for the provision of liquidity or it only allows highly sophisticated dealers to generate
considerable returns from their activity”? To answer this question we adapt our previous dual
market model to embed sub-penny trading.

We assume that at each trading period one individual out of two groups of traders -rather
than one- arrives at the market: with probability « the incoming trader is a broker-dealer
and with the complementary probability he is a normal trader. While a normal trader can
only post his orders to the public limit order book (PLB, same as previous LM) the incoming
broker-dealer can use both the PLB and the internalization pool (IP) with a smaller tick
size where he can undercut orders posted by other traders on the top of the PLB. So we
assume as before that two markets compete with each other, one of which with a smaller
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tick size; however, differently from before, we assume that only a fraction « of the investors’
population can trade on the small tick market. Furthermore, we assume that consistently
with the very nature of real IP, the small tick market does not have -as before- a trading
crowd that closes the book at A, and Bs. Finally, while only broker-dealers can post limit
orders to the IP, all traders can take advantage of the liquidity offered by both trading
platforms, which is consistent with the existence of a smart order routing technology!'® that
allows all investors to simultaneously access multiple sources of liquidity (Butler, 2010). The
degree of access to IP volume affects the visibility of this trading platform by normal traders.
We will first assume perfect inference and then extend the model to include partial inference
and Bayesian learning.!” The effect of this assumption is that the information structure of
the game can change: broker-dealers directly observe both markets as they are allowed to
submit orders in both, while the other traders observe the public limit order book, but can
only infer the state of the IP. The US market provides the National Best Bid Offer (NBBO)
and therefore allows traders to search for the best execution on a consolidated limit order
book. Accordingly we assume that traders can employ smart order routers to search the best
quotes on the consolidated limit order book (PLB&IP): if the resulting inference is perfect,
then investors’ market orders will always get the best execution even though they do not
necessarily observe the IP. If instead not all of them have access to sophisticated liquidity
aggregators, then their overall inference will be based on their gradual learning process. We
will start by assuming perfect inference and move later on to the gradual learning hypothesis.
The following Proposition summarizes the results obtained under the assumption of perfect
foresight.

Proposition 3 When an Internalization Pool is added to a Public Limit Order Book that
allows broker-dealers to sub-penny existing liquidity on the PLB, traders’ order submission
strategies and market quality change as follows.

e For illiquid stocks:

— market quality deteriorates as liquidity provision decreases: both depth at the BBO
and inside spread worsen;

— these effects become stronger as the proportion of broker-dealers («) increases;

— for low priced stocks these effects are substantial, while they soften as the price of
the stock increases.

o For liquid stocks, the effect of sub-penny trading is to foster price competition so that
in the PLB spread and depth improve, liquidity provision worsens, and trading volume
decline.

16Examples are ITG Dark Aggregator and Smartrade Liquidity Aggregator.
17This version of the paper only includes results from the case with perfect inference.
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The effect of sub-penny trading is detrimental to market quality for illiquid stocks, whereas
it improves market quality for liquid ones; both effects are stronger for low priced stocks.
Tables 9 and 10 provide the results for both o = 10% and a = 50%.!® Table 9 is focused
on the case with an empty opening book at T' — 2, that we assume to proxy illiquid stocks,
whereas Table 10 shows results for a book that opens with one share on A;(ag) which should
offer intuitions for more liquid stocks. Starting from Table 9, notice that comparing the
two market protocols, without an internalization pool (PLB) and with IP (PLB&IP), both
limit orders and depth decrease when an IP is added to the PLB, the reason being that
traders perceive the potential competition of broker-dealers and react by either shifting to
market orders or supplying less aggressive liquidity to the book. As a result, when this
effect is substantial, i.e. for low priced stocks, the inside spread also worsens with the
introduction of aggressive broker-dealers. Indeed, as the proportion of broker-dealers («)
increases, these effects become stronger: when the number of broker-dealers is low, there is
not much competition among them and they tend to submit their orders to the PLB; when
instead their number increases they tend to undercut at a; and as a result normal traders
switch even more heavily to market orders or, when patient, become more conservative in
the provision of liquidity. Notice that as before when the value of the stock is higher, traders
are likely to use more market than limit orders as the price advantage offered by a limit
order becomes too small to compensate for its higher execution risk. We can then conclude
that for illiquid stocks sub-penny trading has a strong negative impact on market quality.
For more liquid stocks (Table 10) the main effect of sub-penny trading is to foster price
competition: when the market opens with some depth on the PLB the effect on market
quality is positive as both spread and depth improve. These improvements on the PLB are
due to a reduction of the market orders submitted to this market venue: when the IP platform
is introduced, traders allowed to trade on both markets submit limit orders to the IP at a;
to undercut the existing depth at A;, instead of posting market orders to the PLB at A;.
However, the switch of orders from PLB to IP implies that liquidity provision worsens and
volume declines on the public venue, as documented respectively by the reduction in limit
and market orders submissions. As before, all these effects get stronger when « increases,
and tend to vanish when the value of the asset raises.

Which conclusions can we draw from these results? We show that sub-penny trading is
detrimental for market quality when it takes place in illiquid stocks, especially low priced,
whereas it benefits market quality for liquid ones. The existing preliminary empirical ev-
idence (Delassus and Tyc, 2010) shows that as the stock value decreases and the relative
spread increases, the percentage of sub-penny trading via internalization pool increases. This
evidence combined with our theoretical results supports the SEC concern about sub-penny
trading that was recently discussed in the April 2010 Concept Release on Equity Market
Structure.

18Results for intermediate values of both a and v are available from the authors upon request.
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[Insert Tables 9 and 10 here]

7 Policy Discussion and Conclusions

In light of the growing interest for tick size regulation and its effects in a global fragmented
environment, this paper extends the existing literature on tick size and intermarket compe-
tition in a number of directions.

First of all, it discusses the effects of a reduction in the tick size within the context of a
limit order book and shows that such effects depend on the liquidity of the stock and its
underlying asset value. In this respect, we show that the market quality of illiquid stocks
worsens with a reduction of the tick size, which on the other hand improves the liquidity
of liquid stocks. We also show that the effect is relevant for low priced stocks, whereas it
vanishes as the value of the security increases. These results, that are consistent with most of
the existing empirical evidence, suggest that the objective of the tick size regulation should
not be an indefinite reduction of the tick size, but rather the definition of a minimum price
change that is consistent with the stock’s main attributes and should be related to liquidity
and asset value.

This paper also extends previous literature on tick size to include intermarket competition
and shows that when two LOB compete on price by reducing their tick size, liquidity con-
centrates on the smaller-tick market, which is consistent with the prevailing tendency of
exchanges to competitively reduce their minimum price change.

This extension constitutes the building block that allows us to investigate the issue of sub-
penny trading, which is one of the main concerns expressed by the SEC in the April 2010
concept release on Equity Market Structure. Our model suggests that sub-penny trading
undertaken by broker-dealers in their internalization pools can have dramatic effects on
the quality of illiquid and low priced stocks, and as the existing very preliminary evidence
shows that this practice is indeed mostly concentrated on these stocks, our results strongly
support the SEC’s concerns. The popularity of sub-penny trading, substantiated by the
broker-dealers’ internalization activity that accounts for up to 17.5% of the US equity share
volume, induced the Commission to outline (SEC, 2010) the concept of a "Trade-At" rule
that "would prohibit any trading center from executing a trade at the price of the NBBO
unless the trading center was displaying that price at the time it received the incoming contra-
side order. Under this type of rule, for example, a trading center that was not displaying the
NBBO at the time it received an incoming marketable order could either: (1) execute the
order with significant price improvement (such as the minimum allowable quoting increment,
generally one cent); or (2) route ISOs to fully displayed size of NBBO quotations and then
execute the balance of the order at the NBBO price."

This rule would have the benefit of prohibiting broker-dealers to step in front of the NBBO
by a fraction of a penny, thus avoiding the practice of pre-emptying the public limit order
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book;'? however, it would have a detrimental effect on those public crossing networks -
dark pools- that are designed to trade blocks and generally execute at the spread midpoint;
similarly, such rule would negatively affect totally undisclosed orders that are allowed by
several exchanges to be pegged at the spread midpoint. A possible solution that we suggest
-but that our model does not tackle- is to introduce the Trade-At rule together with a waiver
that allows sub-penny quoting and trading at the spread midpoint in dark venues. Future
extensions of our model could aim at discussing this proposal.

Finally, our analysis suggests that future empirical work should focus on the effect of high
frequency trading on market quality during the second half of the last decade. Existing
preliminary evidence shows that, starting from 2005, sub-penny trading swamped in US
markets and because this practice is tightly linked to algorithmic and fast trading programs,
it would be interesting to verify whether Hendershott et al. (2010) positive results on the
effects of high frequency trading on liquidity would still hold for the most recent time period.

19Notice that this proposal is consistent with the even more recent concerns raised after the turmoil of
May 6, 2010 by market professionals who believe the idea of depth-of-book protection should be revisited
(Chapman, 2010).
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Appendix
A Proof of Lemma 1

Proof. At any period ¢t # T, a trader selects his optimal strategy H; by comparing the
payoffs of all the strategies described in Table 2, H, = {—15, +14 +1B —14 0}. Assume
that pj (AN‘I“ Nk ) > 0 where in order to simplify the notation in this proof we omit to
write that all the execution probabilities are conditional on S;. We compute the threshold

B_18 4 between H; = —1% and H, = 0 by equalizing the profits from the two strategies:

B — fv = 0, and we obtain 5_;5, = %. Similarly we compute the threshold between
s AN—k:Ng

H, = —1% and H, = +1%* and obtain 3_,» 14k = B _ _pil4 ). 4B Notice that under

v 1-p (A N_k:Ng ) v

the assumption that p; (AN”“ Ny > 0, then B_15 14, < B_15 and hence there always exists
a value for 8 € (B_ys 14¢, B_15 ) such that H(8,S;,-1) = +14. A similar result holds for
the bid side. Clearly, traders’ equilibrium [S-thresholds and hence strategies crucially depend
on the state of the book that traders face when arriving at the market, as these affect the
execution probabilities of their limit orders. Hence we can have four possible scenarios. When
there is room for limit orders on both sides of the market, equilibrium traders’ strategies for
t # T are:

—1j if B € [B,51)
* . +1% it B e [5 53) % AN_,Ni Mfk My,
Ht (67575*1) - +1Be it B e [53755) if p (A ) #0&p ( ) # 0 (7&)
—14 if B € [Bs, f]
:(AN*’“’N% Ap—B :(A” )A +pi(B, M’“)B

ol
if
HBS0 =1 i g o T =0 & B 20y
\ _1A lfﬁ € [6576]

8
H(3.Sy) = { TI O E{W?) if pp (AV+N) 20 & pp(BY MY =0 (7o)
i
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where [, = % and 8, = %.Finaﬂy, when the book is full on both sides, equilibrium
strategies are:

—17 if g e [B3,5)) NN Mo
H{(8,51-1) = 0 ifgelBy,fs) ifpi(A, ") =0&pi(B, ") =0 (7d)

_1A lfﬁ € [6575}

Notice that if pf(Ap—*™) = pr(BY ") = 0, H; (8, S:_1) = H3(5,Si_1). m

B Proof of Lemma 2

Proof. As an example, we consider the ask side in period 7' — 1; the other cases can be
derived in a similar way. At T"— 1 limit orders have positive execution probability on both
A; and As only when the book opens empty on both sides, S;_; = [0,0,0,0]. In this case
traders can optimally select their level of price aggressiveness. Profits from the two available
limit order strategies are:

Hyoy= +1% = (A — ) - ppy (A2 J[1000]) = (A — fv) - B2

Hroy = +1% ¢ (Ay = o) - pi (A [[0100]) = (A; — o) - 2=

A limit order at A; is optimal if 33 such that (A; — fv) - p§_,(A; [[0100]) > max{By — fv,
(A; — Bv) - p4_1(A2][1000])}; in this case that the threshold between Hr ; = —17 and

Hp_y = +1%1 is smaller than the threshold between Hy_; = —18 and Hy_; = +142. More

Bo pp_1(Ak|St) Ap—DBs

precisely, as 671371‘41« = 61 |B:Bg,Ak =0T A —=, in order for /6_1371141 <

B_15 14, the lower selling price (by one tick, 7) must be compensated by a higher execution
probability. As p%_;(A; [[0100]) — p¥_;(A2][1000]) is an increasing function of the relative

tick size, for Hy_, = +141 to be an optimal strategy, = must be larger than %\, where %\

solves (A; — fv) - (%”__—;;L — (Ay — o) - %’_—Si 0. m

C Proof of Proposition 1

Proof. 1) Illiquid stocks: starting book at 7" — 2 is [0000]

(1.1) Consider a LM where at T—2 traders’ strategy space is { —17, +142, 4141 4181 4182 14 0};
each strategy corresponds to an opening book at T'— 1 equal to [0000], [1000], [0100], [0010],

[0001] and [0000] respectively. Let’s consider -as an example- the book that opens at 7' — 1

with one share on A,, [1000]. Traders’ strategy space is {—17, +141 4181 4182 14 0}

and the corresponding payoffs are:
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HT_1 = —1B . BQ — 61)

Hp y=+1"% o (A — Bv) - ph (A |[1100])
Hr y=+1Pv : (Bv— By)-ps_ (B ][1010])
Hp_ i =+1% . (Bv— By)-ph_,(By][1001])
HT_1 = —1A : B’U — A2

HT_1 =0 0

where the execution probabilities are given by (4) and (5), presented in Section 3.3. After
comparing these payoffs, we obtain the equilibrium strategies at 7' — 1 that depend on the
relative tick size T, as shown in Lemma 2. For the time being we assume that the relative
tick size is such (small enough) that traders are not aggressive and post limit orders at higher
levels of the book when available. The equilibrium strategies at T"— 1 are given by formula

(6):

—17 ifpe 18, B17-1141,8=B,)
+14 if 5 e [BlT 1 \AI,B By ,53T 1 |A17Bz)
+152 if 5 € [53”[ 1 |A1,Bz 7ﬁ5T 1 ‘A A2732>
—1A lfﬁ < [B5T 1 ‘A Ag,Bg 75]

H;"Y (8, [1000]) =

By  Pr_,(A1[1100]) 4,_p, P (A1][1100]) A1 +p7._, (B2|[1001]) B2

where /BI,T—l |A17B:B2 = B 1= —ph_ (A{][1100]) ' ) ) /63,T—1 |A17B2 = P4 (A1][1100] )+p%._, (B2|[1001])
1 . A2 i, (B2][1001]) As—Bs . _
cand Bs g [a=ay8, = 2+ ot (Ba][1001]) —=2. This allows us to compute the execu

tion probability of the strategy Hrp_y = +142 that produces at T — 1 the book that we are
considering, i.e. [1000]:

pialp|[1000]) = gl st el (o, [1001)

Ruralinen B e (4, [1000])

The first term on the RHS of this equation represents the probability of being executed at
T — 1, while the other two terms stand for the probability of being executed during the last
period T'. Similarly, we are able to get the execution probabilities at T — 2 for the other
order types, that produce respectively the opening books [0000],[0100],[0010] and [0001] at
T — 1. We can then replicate the procedure used at 7' — 1 to compare all possible trader’s
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payoffs at T" — 2:

HT72 = —1B : BQ — BU
HT_2 = +1A2 . (AQ — BU) . (
Hy_p = +1% : (A; = Bv) - ph_yf
Hr o =+18 : (Bv—B)- (
HT 2 = +132 : (ﬂ’l} - Bz) . (
Hr_o=—-14 . Bv—A,

HT_Q =0 . 0

Hence equilibrium strategies at T'— 2 are:

—15 if 8 € [6 ﬁlT 2‘14273 Bz)
H;‘IL];/I<B> [0000]) = +1A2 1fﬁ € {BIT 2 ‘A27B By 753T 2 ‘A2,B2)
[

B .
+172 if B € [Byr_o]|as,8, s Bsr_o |A=2,,B,)
A
-1 1fﬁ€ BST 2‘14 A2,3276]
_ B Pr_o(A2][1000]) 4,_B _ Pp_o(A2][1000])A2+p3. 5 (B2|[0001] ) B2
Where /Bl,T—Z |A2,B=Bz = 1*p’7‘~_2(A2H1000D v ) 53,T—2 |A27B2 - p;,_Q(A2|[1000])+p§~_2(32|[0001])

1 3 | _ Ay Pp_p(B2[[0001])  A_B,
v? M5 T—21A=A2,B2 — 7 1—pk_,(B2][0001]) v

When instead T is large, submitting limit orders on the first level of the book becomes also
an optimal strategy. We present directly the equilibrium strategies at 1" — 2, where formula
(7a) is modified as follows:

( —18 1fﬁ€ [6 BIT 2|A1,B Bz)
‘|‘1:1 1fﬁ S [ﬁlT 2 ‘Al,B Ba 766T 2 ‘A17A2)
+14 if e[S | ay,4, 58 | 45,8, )
H*EM , 0000 — ) 6T 2 1,42 7 3T 2 2,02
-2 <6 [ ]) +1BQ lfﬁ S [63’[ 2 |Az,Bz 767T 2 |B1,Bz)
+1B1 lfﬁ € [577“ 2 ‘Bl,Bz 755T 2 ’A A27Bl)
[

\ _lA lfBE BST 2|A Az,B1 76]

pT Q(Al‘[OIOO})Al pT 2(A2|[1000])

Pr_5(B1][0010])B1—p7_,(B2|[0001] ) B2

where S 41,40 = = Capi00) =t (Aallto00]) o0 D772 BBz = T 0100t (Bal0001])
1

51.2) We solve the same problem in the small-tick market (SM) where traders can select
among five price levels both on the ask and the bid side to post their limit orders, so that
ag=v+gland by = v —glforl =1,..,5 and Ay = as, Ay = a5, By = by and By = bs.
As the methodology is smnlar to the one for case 1.1, we directly present the equilibrium
strategies at T — 2 for the case with an empty book, that we indicate with S; = [0], and a

T

small relative tick size value, T:

—1° 1f6 S [6 BlT 2|a5,b bs)
+1% if g€ [p las,b=bs + B |as.bs )
H*SM ,0 — ) 1,7-2 las, 5 1 23, T—2 |as,b5
-2 <6 [ ]) +1b5 1f6 S [ﬁg,T 2 |a5,b5 765T 2 |a as,bs)
—1¢ if B € [Bsr 2 la=as.bs 0]
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When T is large, equilibrium strategies at T' — 2 modify as follows:

( —]_b if B € [é, BLT_Q |a1,b:b5)
+1% if ﬁ S BLT_Q ‘al,b:b5 766,T—2 |CL17(15>

[
+1% if B € [Bgr_s lavas » B3.1—2 lasbs )
H*SM ’0 _ 3 6,7—2 lai,a5 > ¥3,T—2 las,b5
T=2 <5 [ ]) +1b5 1fﬁ € [B3,T—2 ‘as,bs) 757,T—2 ‘bl,b5)
[
[

—l—lbl if ﬁ S 6777“_2 |b1,b5 7652—2 |a:a57bl)
L —1° lfﬁ € 557']_2 ‘a:a5,b1 75]

(1.3) As defined in Section 4, liquidity provision and executed volume at T'—2 are determined
by the probability that in this trading round the incoming trader submits a limit order or
a market order respectively. To compare LM and SM in terms of these measures, it is
sufficient to compare the thresholds that make the trader indifferent between submitting a
market order and the most attractive among the available limit order strategies:

~LM * Byr|St_1)
_ _ Ao Pr_1(Bk|ST1 . Ax—By
Bsrala=aspe = maxBs o |amnop, = max{ 2 + o ey - T

»SM 71 (belS7—1)
_ _ as Pr_101|oT -1 . a5—bl
B2 la=asbr = nlb?X55,T—2 |a=asbr = mb?x{ v T T (lsr_1) v }

After substituting the execution probabilities computed in (1.1) and (1.2), we find that

the probability of a market buy order is larger for the small tick market: @57T_2 lazas.p, <
~LM ~SM ~LM
Bsr_o|a=a,,8, - A similar result holds for a market sell order: 3, 7y |ayp=t5 > 8172 |A,,B=B, -

Consequently volume is higher in the small tick market:

VLSM — B*B;J\I/‘i—2 a=ag,b; + Bi];{_27al’b:b5 7& Bigé,¥:2|A=A2,Bk + Bi]’;{_z fk’BZBQ 7é — VLLM
r-2 = 55 55 55 =

Notice that when the book starts empty at T"— 2, no trading (Hy_o = 0) is never optimal
and hence in this single market model the submission probabilities of market and limit orders
are complements. Thus, as VLEM, < VLIM [ PEM > [ P2M . Notice also that, as the book
starts empty so that there is no depth already available, inside depth coincides with total
depth and also with liquidity provision, DPIy_o = DPTy_o = LPr_s, where:

LPp_y = B5,T—%:ZI,T—2

As a consequence, also total and internal depth are lower in a small tick market: DPIEM, =

DPTEM > DPIPM, = DPTFM,. Finally, in order to compute the spread, we need to
differentiate two cases depending on the value of Z. When I is large, we obtain:

SPEM — E[A— B] =37 — (Pr=zlinss gng’”AZ’B:B? +° 5’”|A:A2’?_;57’T’2|Bl"32 )T
< 3r— (BG,T—Q|a1,a5ﬁf_5;T—2|a1,b:b5 i 55,T—2|a:a5%1_;ﬁ7,T—2|b1,b5 ) ) 4?7 _ SP:;?%
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66,T72‘A1,A2 _Bl,T72|A2,B:BQ
-8

Al and /85T 2|A Ag, Zz /3577“ 2|B1 Bo

instead  is small and traders in equilibrium post limit orders only at Ay = a5 and By = b5, we

obtain that S PIM = SP2M, = 37. So the spread never decreases after a tick size reduction,
and it increases for stocks with large relative tick size.

is the probability of a limit sell order posted at

where, for example,

is the probability of a limit buy order posted at B;.When

2) Liquid stocks: starting book at 7' — 2 is [0110]

(2.1) Consider again LM. The traders’ strategy space at T' — 2 is the same as in case (1)
and the possible opening books at 7' — 1 are: [0100], [0010], [0210], [0120], [0110]. As an
example, we consider the case where Hy_y = +141 so that the book opens at T — 1 as [0210];
in this case the incoming trader never gets execution priority for limit orders and therefore
his strategy space is {—1Z, —14,0}; his corresponding payoffs are:

HT,1 = —1B . BQ — B’U
HT_1 =0 - 0

By comparing these payoffs, it is then straightforward to compute his equilibrium strategies,
obtained by using (7d):

—17 if 8€ (8,817 1|8=8,)
H:?ijﬁa [0210]) = 0 ifpe [BIT 1 |B=B, a55T 1]a=a,)
—14 if B € [Bsr_1]a= a5 0]

where 811 1 |p=p, = 2 and Bs;_y[a—a, = 4. We can then compute the execution

probabilities of the order submitted at T" — 2 as:
pioa(A |0210]) = Zzslens

Following the same methodology, we are able to obtain the execution probabilities for all
possible strategies at T — 2. We can finally compute the strategies’ payoffs in the same
period:

Hp o=—-17 — pu

Hpp =417 (Az Bv) - pr_y(Ay™ [[1110])
Hp_p=+1" : (A = Bv) - pp_ 2(A2 [0210])
Hyo=+1"% : (Bv— DB1) pp_o(Bi |[0120])
Hy_p = +17 (Bv = Ba) - pr_o(By" [[0111])
Hp_p=—14 pv — Ay

Hpr_o=0 0
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Wherep;72(A;’l ‘[1110]) _ 5—55,T11|A:A1,B1 'p},l(A) ‘A:Ag : p;ﬂ72<A% ’[0210] _ B_/BS,TillA:Al»BI ]

B-B B—p
* * 6 , 4 — = ) 7§ * * )
Pr_1(A) [aza,, pr_o(B7][0120]) = —F 1|§721 = - pr_1(B) |p=p, and pT—2<B21 ! [0111]) =
Bl’T”’gi;l’Bl £, P (B)|p=p,.- By comparing these payoffs we obtain the following equi-

librium strategies:

—1B if B € [ﬁ, BLT_Q |A2,B=Bl)
+142 if B e [61,7’,2 ‘A27B:Bl a63,T72 |A2,Bz)
+1B2 if b€ [63,T—2 ‘AQ,B2 755,2—2 ‘A=A1732>
—1A if ﬁ € [55,']“,2 ‘A:Al,Bz ?B]

HiH(8,10110]) =

_ p}—Q(A;lI[lllO])A2+p§1_2(B;’1|[0111])B2‘

here 3 | B, Pro(ANI[1110]) 4, B 3 |
wihere —9|A3,B=B; — - " T,1 : —2|A2,By — " T,1 " T,1
1,72 Az, 1 v 1—ph_ (AlT|[110)) v 03 T-2142.52 Pi_5(Ay7|[1110])—py_,(By " [[0111])
1,1
1 Aq p§“72(327 |[0111]) A1—B>
= n _ = — . .
oy & d ﬁ5,T—2 |A—A1,Bz v + 1—ph_, (B3 |[0111]) v

(2.2) We solve the same problem in SM. Notice that in this case where at 7' — 2 one share
is available at as and by, thanks to the finer price grid traders have room for undercutting
the best quotes by submitting limit orders at a; and b;. As the procedure to get to the
equilibrium strategies is the same as in the previous case, we present directly the results.
Notice that we indicate by [Q% = 1,Q" = 1] the book that opens at 7' — 1 with one unit
on both ay and bs.

(—1° if 6 € [é? 51,T—2 |a17b=bz)
+19if B € [61,T72 |a1,b=b2 756,T72 |a1,a5)
+1% if B € [Bgr_s | B3 12 |as.bs )
H*SM , az __ 17 bo — 1 — 3 6,7—2 lai,a5 » 3, T—2 |as,b5
-2 (5,19 @ ) +1% if g e [B3.1-2 las,bs + Brr—2 [b1.65)
+1b1 if 5 € [57,T72 ‘b1,b5 755272 ‘a=a2,b1>
\ -1 if 6 € [65,T72 |a:az,b1 76]

(2.3) Similarly to (1.3), we compare the indicators of market quality by using the probabilities
of observing different order types. Notice from the equilibrium strategies presented in (2.2)

~SM ~LM .
that here S5 75 [a=asti = B5,.7—2 la=azby @0d B5 15 [a=ay,8, = P52 [4=a,,B, . After substi-
tuting for the optimal execution probabilities we find that 857 o |a=4,,8, < B51 2 la=asbs
and 317 o |Ay,8=B, > B17_2 |ar,b=b,, SO that:

3765,T:2|a:a2,b1 X 51,T—2|7a1,b:bz -8 < 3*55,T12|A=A1,Bz + ﬁl,T—2|f2,B=Bl B _ VLM

SM __
V=0 55 55 55 2

Given that Hr_o = 0 cannot occur in equilibrium and that as a consequence the probability
of limit and market orders are complements, V LEM, > V LZM, implies that LPEY, < LP2M,.
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The other market indicators for LM are computed as follows:
pPIRY, = 21 (Puzleren 8 Phulinsey g ypiv, — 1y PR
DPTEM = 24 LPEM —vLIM —142.LPLY
SPEM = LPI™ - (1) + VLM, - (2r) = (2— LPM)r

Following the same methodology, we compute market indicators for the small tick case, where
DPIM, =1+ LP™ DPTZM =142 LP3™ and

2
SPEY = Pr(Hi¥y = 417, 41%) - (7) + Pr(HPY = +17,4+1) - () + VLEY, - (27)
= LPPY(r) = Pr(HSY = 17, +17) - T+ VIEY, - (27)
< (2—-LPM)r
so that DPIEM, < DPISM  DPTEM < DPTSM, and SPEM > SPsM,

3) Highly liquid stocks: starting book at 7" — 2 is [0220]

At T —2 traders’ strategy space in a LM is now {—17, —14, 0} and the corresponding opening
books at 7" — 1 [0210], [0120], and [0220]. As the stock is very liquid, limit orders at 7" — 1
never get executed except for the small tick market where traders can undercut existing
liquidity by posting limit orders at A; and B;.The equilibrium trading strategies at T — 2

are:
—15 if 6 € [éa 61,T72 |A1,B:Bl )
H;I—/];/[([i [0220]) = 0 if 6 S [ﬁl,T—2 |A17B:B1 7@5,T—2 |A:A17B1)
_1A if B S [BS,T—2 |A:A1,B1 75]

—1b if B € [é? 61,T72 |a1,b:b2)
+19 if B € [By 1—a larbts > Bs1—2 lay.by )
FpESM @ _ 9 b —9]) = : LIz anb=e J ST 2 e
9 (8,1Q ,Q ) +1bif B e [53?T72 ‘ahbl ,55’272 ]a:%bl)
-1 lfﬁ € [65,T72 |a:a27b1 76]

clearly, liquidity provision is positive only in the SM market so that LP2Y, > LPIM =0,
thus DPTM > DPTEM and SP2M, < SPEY. Comparing the thresholds for market orders
we obtain:

~SM

by b Pr_s(") —b B, _ LM
61,T—2 |a1,b:bz = mln{f, Y 1—;‘p2_2(~|)a|1a1 | alv 2} < = 51,T—2 |A1,B:B1

so that VLM, < VLEM  Finally, DPISM, =3 < 3VLEM, 4+ 4(1 — VLEM) = DPIEM,. =
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D Proof of Lemma 3

Proof. Assume that the two markets have the same initial depth at the common price levels,
so that S = S§°, Sah = S5z, 5P = b and S = S{*. Consider an incoming seller who
can submit either a market order or a limit order or refrain from trading. If he opts for a
market order, he faces two cases: either the best ask price is different from the two common
price levels (A # Ay # Ap), or it is one of those two (A = Ay or A;). In the first case the
market order will only change depth at the best ask price level and not at the common ones;
in the second one the trader will randomize between the two trading venues as they both
offer liquidity at the best ask and hence expected depth at the two common price levels will
change equally. For this reason, we obtain that: E[Si?] = E[S®] and E[S;"] = E[S®]. If
instead the trader opts for a limit order, either he submits his order to a price level that is
not common to the two markets, in which case the Lemma trivially holds, or if he decides to
submit a limit order at one of the two common price levels (i.e. Ay = a5 and A; = ay), he
will optimally randomize between them so that expected depth will still be the same. For
this case, consider as an example A; = a, and notice that profits from the two limit order
strategies are indeed the same:

Hl = —I—lAl : (Al — B/U) . p’{(A;len2+N1+l)
Hl = +]1% : (a2 — 51)) .p*l<<agl,n2+N1+1)

For this reason the incoming trader will randomize between the two trading venues:

B =Bl =5 [ H(@as

BE{B:H(B)=11,192}

From equation (3), this implies that E[S{"] = E[S¢?]. A similar result is obtained for
Ay = as. Finally, if the trader decides not to trade, then no change is observed on the
depth associated to the two common price levels, and the Lemma will hold. As the same
argument can be applied to the bid side and holds recursively for ¢ > 2 | we obtain that
when S3'2 = S5, Sgt = S52, S = Sk, and SP' = SP, then Vt € [1,T] E[S{?] = E[S],
E[S{"] = E[S{?], B[S{®] = E[S{®] and E[S{"] = E[S;?]. =

E Proof of Proposition 2
Proof. Lemma 3 tells us that, if the two markets have the same initial depth at the common
price levels, they should always have the same expected depth at those price levels. So in

order to prove that liquidity provision concentrates on the SM, it is sufficient to show that
traders optimally submit limit orders at price levels that are not common to the two trading

30



venues. Consider hence a LM and a SM with the same initial depth at their common price
levels and with Sy’ = 0 for j = 1,3,4. If, contrary to Proposition 2, depth does not
concentrate on SM, it means that traders post their orders only to the common price levels,
i.e. S” =0, Vt. Assume that until period ¢ it has never been indeed optimal to submit a
limit order at any of the non-common price levels, so that S;’, = 0 for j = 1,3,4. As an
example, consider the payoffs of a seller who arrives at t and wants to submit a limit order.
Define the payoft’s difference between undercutting at a; and queuing at as as:

f(n2) = (a1 = Bv) - pi(ar [SPM, S7M) = (az = Bo) - pi (a3 [SFM, SPM)

Notice that if the book is full at ag(or A;)(i.e. 2ny > T —t), queuing at as implies a
zero execution probability. Hence we obtain: f(ng) = (a1 — Bv) - pj(as |SFM, SPM) >
0 = H, = +1* = H; = +1%2. If instead queuing has a non zero execution probability,
Py (a3 | SEM L SPMY) > 0, then, as Of(n2)/Ong > 0, Imp such that H, = +17 = H, = +1%
for ng > M. A similar result holds when comparing H; = +1 and H; = 41, where
5 < My. Thus, as the book gets deeper at the common prices, there always exists a critical
number of shares above which H; = +1% is preferred to H; = +1%2, +1%. Moreover, keeping
into account that in the case considered here the book opens empty (at t) at non common
price levels, and hence H; = +1% has always positive execution probability for ¢t # T, it can
be shown that for certain ranges of [, a limit order at a;is preferable to a market order or
not trade. That is, 36 € (8_y5 1a1,B_18,) 5.t Hy (8, SEY, SPA) = +17 (see proof of Lemma
2). Similar results can be obtained for the bid side. We can hence conclude that when the
two markets compete, liquidity concentrates on the SM. m

F Proof of Proposition 3

Proof. Broker-dealers (BD) can choose the market where to submit their limit orders, while
regular traders (RT) can only submit to the PLB. A smart router allows all market orders
to spot the best price between the two markets. As shown in Proposition 2, when two
markets with different tick size compete, liquidity provision concentrates in the market with
the thinner priced grid (i.e. the IP). However, as only broker-dealers can access this market,
the migration of liquidity provision will be stronger the larger « is.

1) Illiquid stocks: starting book at 7' — 2 is [00/00]&[00000/00000]

At T — 2 trader’s strategy space, considering both BD and RT, is {—15,+1%, +1/, —14 0}
with ¢ = Ays and Bi.g, J = a1.5 and by.5. Therefore at the beginning of T — 1 there are
15 possible states of the books: one share on the i-th level of the PLB and no shares on
the others as well as on the IP (Q° = 1, Q" = 0 and Q7 = 0) (4 cases), one share
on the j-th level of the IP and no shares on the other levels of the IP and on the PLB
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(" =1,Q7 = 0and Q* = 0) (10 cases), or both books are empty (1 case). Condi-
tional on each case, the optimal equilibrium strategy for different types of traders can be
obtained. Notice that at 7', as all traders can observe the best available price, the equilib-
rium strategies of RT and BD coincide (market order only). As a result the orders’ execution
probabilities at T — 1 are independent of traders’ type incoming at 7', so that for example:
P (ARISTED, STE1) = P27 (Awl STET, ST21) = pip_y (Ak|SFEP, S721). An example for the
case [10]00]& [00000|00000], i.e. Q42 = 1, is provided below.

If a RT arrives at T — 1, his optimal strategies are the same as the one presented for case
(1.1) in the proof of Proposition 1, where the opening book at 7' — 1 was [10]|00], and are
hence omitted. By using the optimal § thresholds associated to these strategies, we can
compute the execution probability of the limit order posted at T'— 2 at A, in case a RT
arrives at 7' — 1:

= — = 5
prs( 2‘@ 2=1) = St —1|a=45.8
( 1’T_1|A1’BiB2_é Bg?—l’A*Az,Bz 6§T7—1‘A1,Bz

B-8 B-8 ) ’ p;“—l(A) |A=A2

If instead a BD arrives at T'— 1, he will face the following payoffs:

HT_1 = —1B . 32 — BU

Hp_y =414 (A1 — Bv) - pr_y (A4 £L1375§’€1)
Hr_y=+1% ¢ (a;— pv) - pp_y (a|SFEP, STE4)
Hp_y =+1% : (Bv— By) ph_ 1(Bk’ %DLlBaSJIJ;)
Hroy=+1" (Bo—1b)-pp_ (0] SFEP, 7))
HT_1 = —1A . BU — A2

HT_1 =0 . 0

After substituting the execution probabilities at 7', trader’s equilibrium strategies at T — 1
are obtained:

—1B 1fﬁ€ /B 1T 1 las,B= Bz)

[_

+1% if B € [BLP 1 lan,B=Bs » B3 -1 |as.Bs)

H*BD ’ A2:1 _ ] 1T1a47 2> 3T1a4,2

=t <6 Q ) +132 1f6 € [ﬂ?,T 1 |a47B2 755T 1 |A A27Bz)
—14 lfﬁ € [ 5T 1‘A—A2,B2 75]

So, when a BD arrives at T'— 1, the execution probability of the limit order posted at T — 2
at AQ is:

*BD A A2 _ . B_ng—l‘A:AQ,BQ
pra( 2‘@ =1) = — +

BD BD BD
(ﬁl,T—l |a4,B:BQ *ﬁ 557T_1 | A=Aq9,Boy *53,7*_1 |a4,32

B-B + B8 ) - pr-1(A) [a=a,
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We can hence compute the total execution probability of the limit order as:

Pioa(d2 Q% = 1) = apiPB (A2 [0 = 1) + (1 — a)pifh (A [ Q% = 1)

Similarly, we can compute the equilibrium strategies for all the other possible states of the
book at T'— 1 and in this way obtain the execution probabilities of the different order types
available at T'— 2 to a BD and a RT.

(1.1) At T — 2, if a RT arrives, his strategy space is {—17, +142 414 4181 4182 14 0}.
His payoffs are:

HT_2 = —1B . BQ — BU

Hr_p=+1% (A = pv) - pr_(4i|[0])
Hp o= +1% : (Bv— By)-pi_o(Bil[0])
HT,Q = —1A . B’U — A2

HT_2 =0 . 0

where [0] indicates the case where both the PLB and the IP are empty and, for example,
Pr_o(A3][0]) = apiFh(A; |Q4 = 1)+ (1 — a)p3PB(A; |Q* = 1). Similar to (1.1) in the proof
of Proposition 1, if T is small:

—1j lfﬁe[ﬁ Bir- 2| 42,8=8,)

+142 if ge (s | 42,B=B, , B | 45,8, )
H*RT 0]) = ) 1,7-2 |A2 2 9 M3, T—-2 |A2,52
T72<B7[ D +182 lfBE [63T 2|Ang 765T 2|A A2B2)
[

—14 1fﬁe 65T 2|A =A2,B2 76]

If instead I is large:

( _1B 1fﬁ€[6 61T 2|AzB Bz)
—|—1jl lfﬁ € [61'1* 2|AQB Bs 752T 2|A27BQ)
+142 if B € [B | 42,B=8, » | 45,8, )
H*RT ’0: ] 2,T—-2 | A2 2 v M3, T—2 |A2,b2
T_2(ﬁ [ ]) +132 1fﬁ € [537‘ 2 |A2 B> 764T 2 ‘A =Aa, Bz)
+].Bl lfBE [64’1‘ 2|A232765T 2|A A232)
\ _1A lfﬁe[BST 2|A A23276]

(1.2) At T — 2, if a BD arrives, he has to decide where to trade. Thus his strategy space is
{—18 1%, +17, —14,0} with i = Ay, and By, j = a5 and by.5. His payoffs are:

HT—2 = —1B : Bg — BU

Hy_o =414+ (4; — Bv) - pir_y(A][0])
Hp_o=+1" (az—ﬁv) Pr_s(al[0])
Hp_y=+1% : (Bv— B;) - pi_o(Bi][0])
Hp_y=+1"  : (Bv—=1b) - pj_o(Bi[0])
HT—2 = —1A . B’U — Ag

HT,Q = 0 : O
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where for example p4 o (][0]) = apiBD(a; |Q% = 1) + (1 — a)pi(a; |Q* = 1). Notice that
if he submits a limit order to the PLB, his execution probabilities are the same as for a RT.
If we consider again the case with = small,® we obtain that H;2% (5, [0]) = HL(3,[0]) =
H} _5(3,[0]). The case with T large will be discussed in (1.4).

(1.3) When T is small, at 7" — 2 expected volume on the PLB is:

VIEH = alPr(H3P5 = 1)+ Pr(H;E = —1%)] + (1 - o)[Pr(H;] = —1) + Pr(H;% = —17%)
VLPLB( )

As, being empty, there is no volume executed in the IP, we obtain that:
PLB PLB P

By taking into account that the book opens empty, we can compute the other market indi-
cators for the PLB from the optimal order submission strategies at T' — 2:%!

DPIf"P = LP["P = DPT)
SPIEP = E[A— B] =37

To analyze the changes in the PLB after the introduction of an IP, we compare the obtained
market indicators with those in (1.3) of proof of Proposition 1. Notice that the single market
case is equivalent to the dual-market case with e = 0%. Thus the equilibrium strategies of a

BD are the main determinants of changes in market quality. When T is small, we obtained
— ~LM ~LM

from Proposition 1: VLEM, = - B5Tﬁ2|g 2% Prr—s 2k’§:32 = As VLp'P = VL (a),

which is increasing in «, we obtain that VLZEE > VIIM [ pPLE <1 - V[IELE <1 —
VLEM = LPEM, DPIFLE < DPIEM, DPTFEP < DPTEY, and SPPEB > SPEM.

(1.4) When instead is large, i.e. when given a ﬁxed value for the tick size we consider a low
priced stock, it can be shown that the equilibrium strategies are:

(—15 if g e[, 1Tg)

+111 if B € [ﬁlT 2,6%T 2)

“BD ) H172 it B e [52T 2)63T 2)

HpZ5 (B, [0]) = 4 +1B: if B¢ [53T Q,ﬁgT 5)

+10 if g e [54T 2a65T 2)
[

[ —14 ifpe 55T 2 ]

20If not so, the optimal strategy at T — 2 can be {—1B 4141 4142 4182 4151 141 or
{18, 419 414 142 4182 1B 41b 14} or {18 419 4142 4182 4151 14}, To shorten this
proof, we omit these calculations.

2'When computing the spread, we do not consider those market orders that hit A, and By as they are
executed against the trading crowd and leave the spread unchanged.
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( —1B lfﬁ c [6 BlT 2 ‘AQ,B Bz)
—}-ljl if 8€ 817 2la,8=8, ,Bor_o|42,8,)
+142 if ge s |40, B=B, + B | 45,8, )
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After computing market quality indicators on the same lines as in (1.3), we observe the same
effects on liquidity provision, depth and spread, but of larger size.

2) Liquid stocks: starting book at 7' — 2 is [01]10]&[00000]|00000]

At T — 2 trader’s strategy space is the same as that for illiquid stocks, and hence there are
17 possible states of the books. We provide directly equilibrium strategies at T — 2.
(2.1) If at T'— 2 a RT arrives:

—17 if § € [é 1T 2 |A2,B Bl)
+1A2 1fﬁ€ ﬁ T 2|A2,B By 753T 2|A2,Bz>

*RT — [
HT72(B7 [1]> - _|_1B2 1fﬁ € [5371 2 ‘AQ,B2 755T 2 ‘A AI:B2)
35,

—14 1fﬁe 5T 2|A A1,3276]
o o o(Az|SELB SIP ) A A ph_o(B2|SELB SIP
Where /61,,1_‘_2 |A27B:Bl — %_1 ;T22 AL|§;12B7S11§ ) 2/UB17/85T 2 |A:A11BQ — 1+1 ;T22 B|2|g¥i237511§ )
boBe g | reaOe|SE S A y|SE S8,
v PRI A By T T A [SELD I o G SEER SEE,) v
(2.2) If at T'— 2 a BD arrives:
(—1% if B e (B, BTR,)
11 if B e [ﬁgrg,g, QZTZQ)
() = T A B A
-2\ +1b2 lfﬁ € [ﬁgng),g, %%,”
+1" if g e [B%gﬂa_anz)
[ —14 iffe [65,T—27 ]
(2.3) The PLB expected volume is:
2 RT RT
VLPLB . (ﬂ — B5£“_2 ‘A:Al,Bz Bl,T—2 ‘_AQ:B:Bl B ﬁ)
B—pB p—pB
a BD BD
+<1 _ a) ' (5 - 6577“,2 |A:A1,Bg i 61,T—2 |A2,B:Bl B g)
B-p p-8
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As broker-dealers find it optimal to submit limit orders to the IP, we have LPFLE + LPIP, =
1 — VLELB. The PLB evolves as follows:

FISE ] = SPY8 + Elho

= [(1 — a) Pr(H;FL = +142),1 — (1 — o) Pr(H;PL = —14) — a Pr(HBD = —141), 1 — (1 -
@) Pr(H3 = —15) — a Pr(H;E0 = —181), (1 — o) Pr(HfRE = +152)

In addition, PLB has the following market quality indicators for inside depth, total depth
and spread:

DPIFEE = 24 LPPEP —VIELE
DPT{YP = > EQy 5] =2+ LPF"P — VLY

SPPY = BA- Bl =1+ VL{!r= L+ VL )r
To analyze how PLB market quality has changed after introducing IP, we compare these

values with those in (2.3) of proof of Proposition 1, and obtain LPFEP < LPEM VIELE <
VLEM, and thus DPIEYE > DPIEM  SPPLB < SPEM
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Figure 1: NASDAQ Stocks: Queue Jumping. This Figure shows the evolution
of sub-penny trading over the last 10 years for different priced NASDAQ stocks. Daily
data come from Thomson Reuters tick-by-tick hystorical and weekly statistics are from

Delassus and Tyc (2010).
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H

Table 1 Tick Size Reductions

|

Country Market Change time
Abbr. ‘ Full name

US AMEX American Stock Exchange 1992,1997

NYSE New York Stock Exchange | 1992,1997,2001

NASDAQ 1991,1997,2001

Canada \ TSE | Toronto Stock Exchange | 1996

France \ EuP | Euronext Paris | 1999

HK HKSE Hong Kong Stock Exchange 1994

Singapore SES Stock Exchange of Singapore 1994

Japan TySE Tokyo Stock Exchange 1998

Indonesia ISE Indonesia Stock Exchange 2001-2007

Thailand SET Stock Exchange of Thailand 2001

Table 1: Tick Size Reductions. This Table reports examples of tick size reductions
which took place in some major exchages over the past two decades.

H Table 2 Order Submission Strategy Space ‘

Strategy H U()

Market Sell Order | —17 | B — Bv

Limit Sell Order 14 | pr(AY) - (Ag — Bo)
No Trade 0 0

Limit Buy Order | 1%+ | p*(B}™) - (Bv — By)
Market Buy Order | —14 | fv — A

41

Table 2: Order Submission Strategy Space. This Table reports in column 3
the payoffs (U(+)) of the order strategies (H,) listed in column 2.



H Table 3 Price Grid ‘

Large Tick | Price | Small Tick
As v+ %T as
v+ %7’ ay
v+ %7’ as
Al v+ %7’ Qo
v+ %7’ a
v — %T by
B1 v — %T b2
v — %7’ b3
v — %T b4
BQ v — %T b5

Table 3: Price Grid. This Table shows price levels in different markets,
where v indicates the asset value and 7 the tick size. A large tick market
has a coarse price grid while a small tick market has a fine price grid.

42



(61-01
SMOI) 00q 91} JO S[PAS] JUSISPIP P& SenI[Iqeqold UOISSIUIGNS JIopIo Jrul] pue ‘(G- smol) yjdep sredaidde pue
0499 2y2 e yidep ‘peaids (9 mor) ,Surper) ou, jo ANfiqeqoid {(G MOI) UOISSTIGNS IOpIO jaxIeu Jo Aiqeqold
91T ‘ommjoa Jurper) :(F mol) serniiqeqold UoISSTWNS Ioplo ] jo wms ‘o1 ‘uoisiaoid Aypmbiy :pojroder are
SO19S19R)S SUIMO[[O] O], "POIOPISUOD oSSk o1} JO ON[RA DR I0] (9SIR[-[[UIS) SIOSIRUI OM) O} UDOMIO( SOUDIOPIP
oy} q10dax (gT-01) suwmio) “{0¢‘OT‘G‘T} = a ‘sonfea josse JuaIeyIp jo uorydwinsse oY) Iopun (-9 SUWN[OD)
JONTRTI YOI} [[RWS dT[} I0] puR (G-g SUWN]0D) joyIeuI }21) 031e o1} 10] poyiodol oIe synseay “A[A1idadsol yooq o1
Jo [0A9[ (% ‘@) puooes oYy uo pue (Tg ‘Ty7) 18I oY) UO oIeys ouo Yym g — J e uodo josirewt (£) yory [rews oy
pue (1) o1} 98I oY) oIoYM OSBRI 91} UO SOSNO0} o[qe], SI], ‘}203s pinbiy - a8uey) ozIig 2L, :¥ 9[qeL

L0 €e- | 89 | 96¢- | S000° | ¥200" | SF0O" | L¥I0° | 2T00° | 2S00° | €I10° | €0S0° “q =°tq
- - - - 0 0 0 0 - - - - "q
- - - - 0 0 0 0 - - - - &q
0 0 0 0 0 0 0 0 0 0 0 0 4 ='g | qoid
- - - - 0z00" | 00TO" | T0TO" | 0ZOT - - - - 'q qns
- - - - 0200" | 00TO" | 1020° | 0TOT - - - - EY IopIO
0 0 0 0 0 0 0 0 0 0 0 0 e =Ty | qrwr
- - - - 0 0 0 0 - - - - €D
- - - - 0 0 0 0 - - - - D

L0 | €8- | 89 | 9G°¢- | G000 | ¥200" | SF00T | L¥T0° | ©T00° | LS00° | €IT0° | £0S0° D =t

€9 | 99'¢ | €€°9 | 6599¢ | 00TO'T | 9670°T | 9860°T | TL9V'T | L¥00°'T | OECO'T | €S70°T | €10C'T qdog 98y

Lo | €€°T | L9°C | 8CET | 0900°T | 8¥¢0°'T | €6V0'T | ¥EEC'T | €¢00°T | GTTIO'T | 9¢¢0°'T | 900T'T 0d4d e yade(q

vO - | 1¢- | Ov'- | 00°¢- | ¥661° | 8I6T" | LE6L | 6691 | 8661 | 6861 | LL6L" | 668T° peaxdg

0 0 0 0 0 0 0 0 0 0 0 0 Surpelry, oN

LG~ | €€°T- | L9°C | 8CET- | 0966° | ¢GL6° | L0S6° | 999L° | LL66° | SG886° | ¥.L.L6" | V668" | T A=IPI0 19BN

9¢ | ¥E€'T | 99'¢ | 8¢'€T | 0S00° | 8¥¢0" | ¢6¥0° | ¥€EC | ¥¢00° | ¥#ITO° | 9¢¢0° | 9001 | 477 = PPIO HWl]

0¢ 0T g ! 09 0T g ! 0¢ 0T g ! (1 = 9OLLd }98SY

(001X)V [§ = 2215 1) UL rewg [+ = 2216 you1] YouT, 98aeT]

([ooo10l0T000] = [0T|T0] = ¢LG ‘10 = 1) @Suey) 9zI§ LT, ¥ O[qET,

43



(61-01
SMOI) 00q 91} JO S[PAS] JUSISPIP P& SenI[Iqeqold UOISSIUIGNS JIopIo JIul] pue ‘(G- smol) yjdep sredaidde pue
04gg 2y e ydep ‘peaids (9 mor) ,Surper) ou, jo ANqiqeqoid {(G MOI) UOISSTIGNS IOpPIO jaxIeu Jo Aiqeqold
91 ‘ommjoa Surper) :(F mol) seniiqeqold uoIsSTNs Ioplo il jo wms ‘o1 ‘uoisiaoid Aypmbiy :pojroder are
SO19819R)s SUIMO[[0] ST ], "POIOPISUOD 19SS OT[} JO ON[RA DR I0] (9FIR[-[[RUIS) SIONIRUL OM) OT[} UOOMIO( IUDISHIP o)
p10dar (¢1-01) suwmpo)) {0G ‘0T ‘G 1} = @ ‘sonfea josse JueIdPIp Jo uondwnsse o) Iopun (-9 SUWN[0D) JoNIeW
OT) [[RWS 81} I0J PUR (G-g SUWN[O0D) Jos[Ieul ¥o1) 93.Ie o) 10J Pajiodal are s)msay ‘A[oA110adser 0O o) JO [0Ad]
(29 ‘zp) puooes oy uo pue (Tg ‘Tyy) Jsiy oY) UO SOIRYS oM} UM g — [ ye uado joxrewr (£) ypry qrews oy pue
(1) 3013 98IR[ O} SIOYM OSeD OT[} UO SeSND0J J[(R], SIY], *3}203s pmbi] A[YSIH - aSuey) azIg MOL], :G 9[qel,

0 0 0 0 0 0 0 0 0 0 0 0 “q =t

- - - - 0 0 0 0 - - - - ¥q

- - - - 0 0 0 0 - - - - £q

0 0 0 0 0 0 0 0 0 0 0 0 2q =g | ‘qoig
- - - - ¢z00" | ¥210° | 9%20° | LOTT - - - - Ig qng
- - - - ¢z00" | 210" | 9%¢0" | L9TT - - - - Ip 1BPIO
0 0 0 0 0 0 0 0 0 0 0 0 e =Ty | qrwr
- - - - 0 0 0 0 - - - - €n

- - - - 0 0 0 0 - - - - D

0 0 0 0 0 0 0 0 0 0 0 0 &p =%y

06" | 9F'7 | 98°8 | 89°TF¥ | 00TO'€ | 9670°€ | 9860°€ | 8997°€ | 0T00°E | S00°€ | OOTO'E | 0090°€ qdog 98y
O0T-| 0§- | 00°T- | 00°G- | 0000°¢ | 0000°€ | 0000°€ | O0O00'€ | OTOOE | SO0°E | OOTO'E | O0SO'€E 0d4d e yade(q

¢0- | 80- | 9T~ 8L 8660 ¢660° 860" ¢c60” 000T" | 000T" | 000T" 000T" peaxdg

OT-| 08°0-| 00'T-| 00°G- 0 0 0 0 0TOO0" | 0S00° | 00TO° 00G0° Surpei], oN

0V~ | 86T~ | €6°¢- | P&'8T- | 0666 ¢GLE L0S6° 999.° 0666" | 0966° | 0066 0066° | T A=IPIO HIBIN

0S¢ | 8¥'¢c | ¢6v | ¥&'eC | 0600 1 i¢40 cov0° 2354 0 0 0 0 d’] = PBpI0 wur]

o¢ | or | g I 09 01 g I 0s | or g 1 0 = ooug oSSy
(001x)V £ = o215 you 1] 1L Trewmg [+ = 221G yo1] WLT, o81eT]

([00020]02000] = [02|20] = ¢7Lg ‘T'0 = +) @8uey) azI§ NOLY, S 9[qRL

44



"(6T-0T smox) j00q a1}
JO S[PAd] JUBISYIP ' senI[Iqeqold UOISSIWqNS Ioplo Il pue ‘(G-, smor) yydep 9)e8eisse pue Ogg o3 e yidep
‘peads {(9 morx) ,Surper) ou, jo Aqiqeqoid (G MOI) UOISSTUICNS IoPIOo joxIeut Jo Afiqeqold “o°1 ‘ommjoa Surpery
((§ mor) senqiqeqord WOISSTIQNS IOPIO JIWI] JO wns o1 ‘morstaoxd Apmbiy :pojroder ore sorsiye)s SUIMO[[0f
O], 'POIOPISUOD }9SSe oY) JO ON[RA Yoo I0J (9SIR[-[[RWIS) SIONIRUL OM) T} U0M)O( 9OUSIOHIP o) 10dor (£T1-0T)
suwmpo) {0G ‘0T ‘C‘T} = @ ‘sonfea josse JueIPIP Jo uorydwmsse oY) IOPUN (G-9 SUWN]OD) Joy[IRW YOI} [[RUIS J)
10§ pue (G-g SUWN{09) Jos{IeW o1} 981e[ oYy 10§ pajiodor ore symsay] g — 7, ye Lydwo uedo joxrewr (£) spry [rews
o) pue (L) Y213 93Ie[ 91} IOYM dSeD JY[) U0 SISNO0] d[qe) SIY], *3}203s pmbI[[] - aSuey) ozIS O], :9 9[qeL

0 |G0-|ST-| Tg¢ | €010 | TL¥0 | GS80° | SO6T | €0TO | 9L%0" | 0.80° | #89T1 | 99 =¢%g

- - - - 0 0 0 0 - - - - q

- - - - 0 0 0 0 - - - - £q

0 0 0 |9¥cr-| 0 0 0 0 0 0 0 |9vel’ | “9='g | qoid
- - - - 0 0 0 | 8880° - - - - 'q qns
- - - - 0 0 0 8880 - - - - B I9pIO
0 0 0 |9¥cI- 0 0 0 0 0 0 0 ovgT | o =Ty | jmurg
- - - - 0 0 0 0 - - - - €D

- - - - 0 0 0 0 - - - - D

0 |G0-|CST-| Tg¢ | €010 | TLF0 | SS80° | GO6T | €0TO" | 9LF0 | 0L80° | #89T | D =%}/

T0- | OT- | 08~ | ¥L'C | G020 | ¢#60° | OTLT" | 986G | 9020" | €S60° | OFLT" | 098G qydeq 88y

10- | o1- | 0g- | w22 | q020" | 2v60° | 0121 | 9899 | 9020 | 2960 | 02T | 098¢ | odd e wdeq
0 0 0 48 000¢" | 000€" | 000E" | €9L¢° | 000¢" | 000¢" | 000¢" | TGLT peaxdg yse-piq
0 0 0 0 0 0 0 0 0 0 0 0 Surpeiy, oN

10" | OT" | 0¢ VLG | G6L6° | 8G06° | 06¢8° | VIVV | ¥6L6° | 8¥06" | 09¢8" | OVIV" | T A=T1OPIO PHIEN
T0°- | OT-| 0~ | ¥L°C | GOCO" | ¢¥#60° | OTLT | 98GS" | 90¢0" | ¢S60° | OVLL | 098¢ | T = BPIO ywr]

05 | 01 | ¢ I 0 | o1 G T 05 | o1 g i (4 = 90U 1SSy
(001x)V [ = o215 youg] 3oL e | [L = 9216 y91] SPLL 80T
(100000100000] = [00[00] = L5 ‘T'0 = +) @8uey) d2zIg LY, 9 AqEL

45



“(6T-0T SMOI) 00q 9} JO S[OAD] JUSISPIP Je so1jI[IqeqoId UOISSTINS
IopIo ] pue ‘(g-2 smol) yydep ojeSaisse pue Ogg oy e ydep ‘peaids {(9 mOI) UOISSTIQNS IOPIO JoyIeU
jo Anqiqeqord o1 ‘emmjoa Suiper} (g molI) serjiiqeqold UOISSIUIGNS IoPIOo Tl Jo wns o1 ‘uorsiaoid Ajpmbry
:por1odol oIe SO1ISIYR)S SUIMO[[O] O], "POIOPISUOD dsed DRd I0] (9FIR[-[[RUIS) SJONIRUI OM]) O} UOOMIO( SOUIHIP
oty 310der (g1-gT pue L-9) suumpo) ([00010/0T000] ~ [01]10] = ¢~LS pue [00000/00000] ~ [00/00] = *7L9)
syooq Surjre)s JualeyIp jo uonydwmsse o) Iopun (I]-0] PUR G- SUWN[0D) JoxIeUl 21} [[eWS o) I0j pue (-8
pue g-7 SUWN{09) Jo5[IeWl o1} o81e] oY) 10§ pojiodol ore symsoy g — 7, ¥ fipsnosunynuus uado josrewt (£) yory
[ewus oy} pue (L) o1} o3IR[ O} SISTM dSeD Y[} U0 SISNI0J S[qR], SIY], ‘uojIjeduro)) jexIeurIaju] :J 9[qel,

0 0 0 0 0 0 0 0 0 0 0 0 9 =g
- - 0 0 - - - - | ER0T | 9LLT - - "q
- - 0 0 - - - - 0 0 - - £q
0 0 0 0 0 0 0 0 0 0 0 0 tg =Tg | "qoig
- - ve10 | LOTT - - - - 0 | €901 - - 'q qng
- - Ve10™ | L9TT - - - - 0 €901 - - D IopIQ
0 0 0 0 0 0 0 0 0 0 0 0 ep =Ty | ymrg
- - 0 0 - - - - 0 0 - - €p
- - 0 0 - - - - | vepor | 9LLT | - - )
0 0 0 0 0 0 0 0 0 0 0 0 9o =2}
8V'C | 7€°€T | TLEG'T | TOSS'T | $TIGT | L9T9°T | 89'S | 8L°9G | 8980" | 894" | 0 0 mde 88y
0 0 | ¥2IG'T | 29T9°T | ¥2IC'T | L9T9°T | 89'8 | 8L°9S | 8980° | 829¢° | 0 0 od4d e mde(
60- | LL- | 6LFT | 90€T' | SSPT' | €8€T' | 62~ | ¢0'F- | 1L6T | 86G2" | 000€ | 000€" peodg
0 0 | 987" | €€8¢ | 987" | €€8¢ | 0 0 | 99¢F | 1912 | 99GF | 1912 | T A=T0PI0 10BN
8V'T | VE€'€T | 8FT0T | VEET 0 0 | 898 (8.9 | 8980 | 8.9¢ | 0 0 | J7 = 10p10 yury
0T T 0T T 0T T 0T T (011 T 0T T 1 = 90U 9SSy
(001x)V NS IN'T (001x)V NS IN'T
[00010/0T000] ~ [0T]T0] = é~%5 [00000[00000] ~ [00[00] = L5
[§ =9229 yo0p] WS [10 =2 = 2218 1] ‘NT - g-1 ‘uUopijeduwio) 30} IeULIdU] L 9[qRL

46



"OUT SOTLINIOG JIR[qUOSOY AQ POIOPO ATPULY oIe
SOI)SIJR)S "S[00] POSeq-WNILIOSUO,) pue SYIOM)aN SUISSOI)) OIqnJ ‘S[00J uorjezieula)u] :sjpred 29Iy} OJUI UMOP
SYBAIq YOIYM dWM[OA [00d YIep "Q'[) JO UOIIN[OAD DI Y} SMOYS B[R], SIY], "dWN[OA [00d Ie(I SN :8 2[qel

ozTr | 9sor| gror| ozor| ses| tes| 18| 1wal] gwe| oL 1TV |
pe1|  erT] 10T 76 e | o 09 8¢’ 99° £y ddo% (dgo) sood
1 LT T 1T eg | wT or or or er Surpey, pig paseq
€6 08’ 6L eL or | sy 0’ 8 9g 07 [0A07 | -umprosuop)
Wi wrr|  egn A 60T | eI 66 66° SPL | LvT 0d %
60" 60’ 80" 60" 48 60" 60" 1% 1’ 0z’ Surpely, ourppdig (Od)
or 60 L0° 80 s | 90 80 90 90 50’ X0}10/\ X0810AU0)) STOMIDN
ST T 1z o1 or | Lir g1 g1 0g’ 1g | wmpuuepy xe81auo) Sursso1)
e 74 1T T sc | €& 9z LT 04 6¢” youpmbry orqng
A a A ey 7o | €T 6T 0z LT 0z XD jounsuy
i 6 pE Gz e | v 17 0z 6 2 ¥80d LI
ceg| ez8| e8| 6078 089 199] 9| w19 802 | zo¢ d1%
8¢ 8¢ 1 g L8| s Gg’ eg 0’ &7 PRI BID
i 8¢ e LE e | o o 6¢” 8¢’ 6 urd SN (d1)
Ly’ 79 LG PG @ | e 0z’ ST - Ly X shepreq | (potosuods
8L 19° 8¢" 2g 87| o9 £g i 1¢ 9z" | 1004 SIN 4o[uesg weSiopy -Toxjo1g )
sel| orr| €01 20’ 1T 80T | 90T LT'T 79 7" | 9014198 HONNOOXH 0039 100
se'T|  wr1| 1.1 29’1 €cT| 80T| <ot el LT 86 S[ury JyStuy] | pozieuseyuy
eer| 9T | 1| 19T I 62T 6T 60'T 00€ | 2£71 | X ewsSig syoeg uewppon
orz| 11| soz| o1% eeT| 1| @t 16T 88’ 18" | 10pugsso1) ossmg 31paID
01 *Suy | o1 ‘mr | or'unr | 01 e | 60 Sny | 60'mr | 60wnr | 60 Loy || 80 Sny | gounr | oI,

(pumiop &ymbg g PajepyosuO) %) SWN[OA [00d red SN - 8 2IIBL

47




(¢c€1
SMOI) Y00q 9y} JO S[eAS] JUSISHIP Je SenI[iqeqold UoISSIugns I9pIo il pue ‘()7-8 smor) yjdep @pmm@%mmm pue
04gg 2y e ydep ‘peaids :(), mor) ,3urper) ou, jo ANfiqeqoid {(9 moI) UOISSTIQNS IOpPIO joxIew Jo Ajiqeqold
91 ‘ommjoa Surper) (g mol) seniiqeqold UoISSTWANS Ioplo ] jo wms o1 ‘uoisiaoid Aypmbiy :pojyrodor ore
so1ysTyRYS SUIMON[O] ST, *(%0S = © ‘dIATd) TT-0T suwm[od pue ‘(%07 = © ‘JI79dTd) 6-8 suwmod (g1d) L
uwn[oo ut pajiodar peajsur axe ()T = @ 10§ sINSoY *(%0G = © ‘JINIId) 9-¢ suwnjoo pue ‘(%07 = 0 ‘JId1d) 7-¢
suwmn(oo ‘(g1d) ¢ uwmjoo ut pajroder are T = a 10f symsey] {940G ‘%01 } = © ‘S9jel [RALLIR S Io[RaP-IoY0Iq JUSISJIP
omy pue ‘{OT ‘T} = a ‘sonfea josse JUSISPIP 0M) IoPISUOD dA\\ ‘¢ — [, 1@ Ajdwe uedo JT o3 pur grd oY) yioq
UOIYM UT 98D oY) 10§ s)Msol 310do1 oA\ “ISIX000 & ozis o1y Yy (J1) [00d UOIRZIRUIOIUL O} PUR (] U Ioym
‘osed JoyIRW [RNP 9} PUR ‘9ATIOR ST L 9zIS YOI} UM (gTd) Yooq Iopio jrurr] orqud o) AJUO oIoym ‘9sed joyIeut
9[3urs oy} Ueamjloq uosredwod O} UO SOSNOOJ 9[qe], SIYL, °3203s pmbiy[l - Suipei], Auuad-qng :¢ 9[qe],

0 V.30 0 CLFO" | 9L70° 0 ze0e 0 OPLT | ¥89T° “q =t
0 - 0 - - 0 - 0 - - )
0 - 0 - - 0 - 0 - - £q
0 0 0 0 0 0 LOEO’ 0 9zIT" | 9FeT tg =Tg | "qoid
0 - 0 - - G6£0° - 0 - - 19 qng
0 - 0 - - G6£0° - 0 - - n P10
0 0 0 0 0 0 LOEO" 0 9z1T" | 9FeT ep =Ty, | jrurg
0 - 0 - - 0 - 0 - - &)
0 - 0 - - 0 - 0 - = i
0 VLV0 0 GLVO" | 9L70° 0 &dia 0 OVLT | ¥89T “p =%/
£ N £ N B £ 1 £ 2 B 071G Y1,
dI q071 dI q071 dI q07 dI q07
(50-) L¥60° (20-) 0S60° | ¢S60° | (20°cI-) | SS9V (91°'1-) PRLG | 098¢ pdo 83y
(50-) LY60° (20-) 0S60° | ¢S60° | (20°cl-) | SS9V (91°1-) PRLG | 098¢ odgd mdeqg
(0) 000€’ (0) 000¢" | 000€" (88°T) 6£6C (ve) GLLT | TGLT peoadg
(0) 0 (0) 0 0 (0) 0 (0) 0 0 Surpei], oN
(¥0) zS06° (20) 0S06° | S¥06° (z1'%) zsey (91°1) 96y | OVIV | T A=I0PIQ 19Ie]\
(¥0°-) 760" (20-) 0S60° | ¢S60° | (20°cI-) | 8S9¥ (91°1-) VPLS | 098G | J77 = 1OPIQ Yyl
(001 xWV) |e—L|(001xV)|e—L|c—L|001xV)|c—L|(001XV)|e—L|c—.L
%06 = 0 :JIRATd | %01 = 0 :JIRATd | dId | %0S = 0 :dIRIId | %01 = © :JIXdTd | d1d
01 =0 I=a

([00000/00000] = [00|00] = ¢7Lg ‘T'0 = <) Surpeay, Auuad-qng 6 9[qe],

48



"(gg-€1 smor) jooq a1}
JO S[PAS] JULILBPIP J' SeII[Iqeqold UOISSTgNS I9PIOo Il pue ‘()-8 smor) yjdep a1e8a1dsde pue Ogg oy 1e yidep
‘peads {() mox) ,Surper) ou, Jo ANqiqeqoid (9 MOI) UOISSTUI(NS IoPIO joxIeut Jo Ariqeqold *o°1 ‘owmjoa Surpery
‘(¢ mor) senIqeqord UoISSTgns IopIo JIwWlI] Jo wns 9’1 ‘uotstaoid Apmbry :pejroder o1e sorisTyR)S SUIMOT[OF O,
(%06 = 0 ‘qI29d1d) 11-0T suwnjos pue ‘(%07 = © ‘JINg1d) 6-8 sumunoo ‘(gd) L uwmfod ul pajiodor prajsul
ore (T = a 10 SINSAY *(%0G = © ‘dIFATd) 9-G SuUWn[od pue (%01 = © ‘JIBATd) - SUUM0d ‘(Td) ¢ uwniod
ut pejrodar are T = a 10J syMsoy {9%0G ‘%0T} = © ‘Sejel [eALLIR S Is9[eap-IaY0Iq JUuaIefip om) pue ‘{01 ‘T} = a
‘sam[eA J9SS® JUOIIIP 0M]) IopISU0d oA\ “(Tg ‘T}7) J00q oY) JO [9AS] 1SIY S UO SIRT[S SUO M g — ], 1@ S)Ie)s g1d
O} UOIYM UT 98B O 10§ SYNSoI 110doI oAy “)S1x000 £ 0718 3p1y [y () [0od uoryezijeuIojur oy pue grid oy} o1oym
‘osed Jos[IRUI [RNP O} PUR ‘9AIOR ST L 9zIS YOI} Yam (gTd) Yooq Iopio jmul] orqnd oY) A[UO oIoym ‘Osed JoyIeut
9[Suls oY} Ueamj)aq uosireduwod oY} UO SISNO0J 9[qR], SIY, *3203s pInbry - Suipei], Auuad-qng :0T 9[qeL

0 1700’ 0 7G00" | LG00° 0 vTeo 0 L9Y0° | €050 | 9q =%

0 - 0 - - 0 - 0 - - vq

0 - 0 - - 0 - 0 - - £q

0 0 0 0 0 0 0 0 0 0 q='g | qoid
0500 - 0100° - - GIS0° - 7010° - - 19 qng
0500’ - 0100’ - - GIG0" - ¥010° - - n P10

0 0 0 0 0 0 0 0 0 0 ep =Ty, | jrurg

0 - 0 - - 0 - 0 - - &p

0 - 0 - - 0 - 0 - - 22

0 700 0 7S00" | LS00 0 vTeo 0 L9V0" | €060 | S =%y

£ N £ B B £ 2 £ B 2 071G Y1,

dI q071 dI 07T dI q071 dI 07T
(e¢) €920°T (90°) 9¢z0'T | 0€20'T (¢re) | LogoT (¥9°) 9021 | 2T0T'T pdo 83y
(L9°) Z810°T (e1") 8ZI0'T | STTO'T (€L9) 6L91°T (9¢'1) TPIT'T | 900T'T odgd mdeqg
(L0™) z861T’ (¢0™-) LS6T" | 6861 (L9™) zesT’ (e1-) 988T" | 668T° peoadg

(0) 0 (0) 0 0 (0) 0 (0) 0 0 Surpei], oN
(89-) 8T86" (F1-) TL86™ | 9886° (219 zees (9¢'1-) 8488 | V668 | T A=IOPIO 19Ie]\
(ce-) z800° (90™-) 8010 | ¥TI0° (8¢°¢-) 8F90" (¢L-) 7e60° | 9001 | 47 = 1PIQ ywr]

(001 xVv) | e—L | (001xV)|e—L|c—L|00IXV)|c—L|(00IXV)|c—L|¢—.L
%06 = 0 :JIRATd | %01 = 0 :JIRATd | 9Td | %0 = 0 :JIRATd | %01 = © JINdTd | dT1d
0T =@ I=a

([00000]/00000] = [0T|10] = &L ‘10 = <) Surpeay, Auuad-qng (T °[qRL,

49



